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Behavior of rotating magnetic microrobots above the step-out frequency
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This paper studies the behavior of rotating magnetic microrobots, constructed with a permanent
magnet or a soft ferromagnet, when the applied magnetic field rotates faster than a microrobot’s
step-out frequency (the frequency requiring the entire available magnetic torque to maintain
synchronous rotation). A microrobot’s velocity dramatically declines when operated above the
step-out frequency. As a result, it has generally been assumed that microrobots should be operated
beneath their step-out frequency. In this paper, we report and demonstrate properties of a
microrobot’s behavior above the step-out frequency that will be useful for the design and control of
C 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4870768]
multi-microrobot systems. V

Untethered magnetic microrobots show promise for a
variety of applications including minimally invasive medicine1 and manipulation.2 Magnetic microrobots are generally
simple devices actuated by externally applied magnetic fields
that exert some combination of magnetic force and torque
upon the microrobot.
This paper studies microrobots whose primary form of
locomotion converts magnetic torque into propulsion using a
continuously rotating magnetic field. This includes microrobots that roll or propel via an attached rigid chiral structure
(e.g., a helix or screw). When the applied magnetic field
rotates sufficiently slowly, the microrobots synchronously
rotate with the field. There exists a field rotation frequency,
however, above which the applied magnetic torque is not
strong enough to keep the microrobot synchronized with the
field. This frequency is the “step-out” frequency.3 The stepout frequency depends on the microrobot’s magnetization,
friction, and the field strength. When operated above the stepout frequency, the microrobot’s velocity rapidly declines.
The ability to control multi-microrobot systems is desirable for manipulation applications.2 Most existing multimicrorobot systems are actuated by uniform magnetic fields
where each microrobot experiences the same actuating signal,
making true independent control difficult. Control methods
for multi-microrobot systems exist when each microrobot
responds differently to the actuating signal.4 Common techniques include designing each microrobot to convert a rotating
magnetic field into spatial motion at different rates, and varying the step-out frequency between microrobots so that one
loses synchronization with the rotating field before another,
enabling semi-selective binary control.3 In this paper, we
present properties of a microrobot’s decline in velocity,
above step-out, that enables the velocity of individuals in a
multi-microrobot system to be designed to selectively
respond uniformly to the rotating field (where the microrobot
rotation velocities are the same), respond heterogeneously
where some microrobots have lost synchronization and others
have not (where the ratio of the microrobot rotation velocities
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is large as demonstrated by Ishiyama et al.3), or respond heterogeneously with all microrobots having lost synchronization (where the ratio of the microrobot rotation velocities
approaches a pre-designed constant). The phenomenon we
present can be exploited by control-theoretic techniques,4 or
it can add an additional level of microrobot differentiation to
existing multi-microrobot control strategies such as addressable microrobot methods, which have been demonstrated to
be well-suited for positioning and manipulation tasks.2
When a microrobot with dipole moment m 2 R3 A m2 is
placed in a magnetic field h 2 R3 A=m, a magnetic torque
sh ¼ l0 m  h will be applied, where l0 ¼ 4p  107 T m=A.
For a permanent-magnet microrobot, the dipole moment is
fixed with respect to the microrobot’s geometry. For a microrobot with a soft-magnetic body of volume v that can be approximated as an ellipsoid, the dipole moment varies with the
applied magnetic field according to m  vX h, where X 2
R33 is the apparent susceptibility matrix. When expressed in
a coordinate system with axes aligned to the principal directions of the approximating ellipsoid, then X can take on the
form


v
v
v
;
;
X ¼ diag
;
(1)
1 þ na v 1 þ nr v 1 þ nr v
where na and nr are the demagnetization factors in the directions of the major and minor ellipse axes (so that na < nr ),
respectively, and v is the susceptibility of the material.5
When the applied magnetic fields are sufficiently strong,
then the moment becomes saturated so that kmk ¼ msat and
m aligns to minimize the total magnetic energy. Let hsat be
the field magnitude required to saturate the microrobot’s
magnetic body.
In this paper, we assume a simple 1-degree-of-freedom
(DOF) model where the magnetic microrobot’s angular velocity xm 2 R3 rad=s and the applied magnetic torque sh are parallel to the microrobot’s principal axis, and the microrobot’s
dipole moment m and the applied field h are perpendicular to,
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and rotate around, the same principal axis (see Fig. 1). The
magnetic field’s angular velocity is denoted as xh 2 R3 rad=s,
which we assume to be constant. In low-Reynolds-number
regimes, a microrobot’s spatial velocity is generally assumed
to be proportional to its rotational frequency. The magnitudes
of the magnetic torque, the microrobot’s angular velocity, and
the magnetic field’s angular velocity are denoted by sh ; xm ,
and xh , respectively. Although the 1-DOF assumption is not
true in general for helical microrobots, whose chiral asymmetry causes precession particularly at slow rotation speeds, the
model tends to be a good approximation.
We also assume the applied magnetic field is uniform
(i.e., no magnetic force is applied) and the microrobot operates in low-Reynolds-number regime fluids, where inertia is
negligible and the microrobot’s angular velocity is proportional to the applied magnetic torque by a viscous drag coefficient c, which varies with surface friction, fluid viscosity,
and microrobot geometry. Under these assumptions, a permanent- and soft-magnetic microrobot’s angular velocity
can be modeled as
(
xso sinðaÞ; permanent magnet
1
(2)
xm ¼ sh ¼
c
xso sinð2aÞ; soft magnet;
where a is the angle illustrated in Fig. 1. The soft-magnetic
microrobot’s angular velocity in (2) is accurate when either
well below or above saturation.5 The scalar xso is the maximum angular velocity achievable (when sh is maximized at
a ¼ p=2 rad and a ¼ p=4 rad for a permanent- and softmagnetic microrobot, respectively).
For a permanent magnet, the step-out frequency is
xso ¼ l0 kmkkhk=c;

(3)

which is linear with khk and the microrobot’s dipole moment
kmk, which depends on the remanent magnetization and volume v of the magnetic body.
The step-out frequency of a soft-magnetic microrobot
changes between the magnetic saturation regimes and is
8
>
l0 jna  nr j
>
>
vkhk2 ; when khk  hsat
<
c 2na nr
(4)
xso ¼
>
l
jn

n
j
a
r
>
0
2
>
vmsat ; when khk  hsat ;
:
c
2

factors, na and nr, and is proportional to the soft-magnetic
body’s volume v. Between the two magnetization regimes, the
step-out frequency falls between the frequencies given in (4).
 m , as a funcThe average microrobot angular velocity x
tion of the field rotating frequency xh , has been solved in
closed-form for both rotating permanent magnets6–8 and fer m is found as
romagnetic ellipsoids.9 In both cases, x
(
xh ;
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ when xh  xso
m ¼
(5)
x
xh  xh 1  ðxso =xh Þ2 ; when xh > xso :
Equation (5) can be used to study the effects of scaling
an individual microrobot’s step-out frequency or the comparative difference between microrobots in a group with varying
step-out frequencies. Fig. 2(a) shows the scaled average
 m =xso of four hypothetical
microrobot angular velocity x
microrobots. The first microrobot (the “baseline”) has a stepout frequency of xso and is the curve labeled A. The remaining three curves labeled B, C, and D show the scaled average
angular velocity for three other microrobots whose step-out
frequencies are scaled by a factor s (i.e., sxso ) with s ¼ 2, 3,
and 4, respectively. The step-out frequency of the other
microrobots could be scaled by increasing the microrobot’s
magnet volume by a factor of 2, 3, and 4, respectively.
The comparative effect of scaling a microrobot’s stepout frequency is illustrated in Fig. 2(b), which shows the ratio R(s) of each scaled microrobot’s average rotation frequency to that of the baseline microrobot at the same
frequency. For scaled field frequencies beneath the baseline
step-out frequency ðxh =xso  1Þ, the ratio R(s) ¼ 1. When
the baseline microrobot reaches step-out, R(s) increases. The
maximum value of R(s) occurs at the step-out frequency of
the scaled microrobot, which produces
Rmax ðsÞ ¼

1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ 2s2 :
s!1
1  1  ð1=sÞ2

(6)

which increases quadratically with khk below saturation, but
is limited by the saturated moment msat of the magnetic body
above saturation. The step-out frequency varies with the
soft-magnetic body’s geometry through the demagnetization

FIG. 1. This figure illustrates the 1-DOF model used herein. For permanentmagnet microrobots [(a) and (c)], a measures the angle between the applied
field h and the microrobot’s dipole moment m. For soft-magnetic microrobots [(b) and (d)], a measures the angle between the applied field h and the
major axis of the magnetic body.

 m =xso for
FIG. 2. (a) The scaled average microrobot rotation frequency x
four hypothetical microrobots as a function of the scaled field rotation frequency xh =xso , where xso is the step-out frequency of the “baseline” microrobot (with s ¼ 1 and labeled A). The plots labeled B, C, and D are for three
microrobots with the step-out frequency scaled from the baseline by factors
s ¼ 2, 3, and 4, respectively. (b) The ratio R(s) of the scaled average microrobot rotation frequencies.
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The maximum of R(s) could be useful in the context of
multi-microrobot control if it is desired that two sets of
microrobots (denoted as set A and B) have the ability to
alternate between a mode where all microrobots rotate at the
same frequency, and a mode where set A rotates a factor of
Rmax faster than set B, selected by the magnetic field rotation
frequency. In this example, the smallest factor s that the
step-out frequency of the microrobots in set A should be
scaled to achieve a desired maximum ratio Rmax can be found
by solving (6).
The minimum factor s to achieve a desired
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Rmax is s  Rmax =2. Note that R(s) ranges from 1 to 2s2
when the field rotation frequencies ranges between the baseline and scaled microrobot’s step-out frequencies.
As the magnetic field rotation frequency increases past
the scaled microrobot’s step-out frequency, the ratio R(s)
drops and approaches a horizontal asymptote [see Fig. 2(b)].
In this regime, R(s) is given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1  1  ðsxso =xh Þ2
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ s2 :
(7)
RðsÞ ¼
xh !1
1  1  ðxso =xh Þ2
In the context of controlling multiple sets of microrobots, the fact that R(s) approaches a horizontal asymptote
when both sets have lost field synchronization creates the
possibility for complex control methods. For example, if
there are three sets of microrobots denoted by A; B, and C
with step-out frequencies scaled by factors s ¼ 1, 2, and 3,
respectively, then the ratios of their angular velocities can
take on many combinations [refer to Fig. 2(b)]. For example, if the field is rotated at a scaled frequency in the range
of [2.5, 3], then the ratio of set B and A velocities remains
approximately constant near 4, while the ratio of set C and
A velocities can range from approximately 12 to 18. Many
combinations are possible, however a microrobot cannot
rotate faster than another with a higher step-out frequency,
provided the field rotates at a constant angular velocity.
Additional selection can be achieved by designing groups
to convert the rotating field to spatial velocity at different
rates.
Fig. 3(a) shows the average microrobot rotation fre m (left axis) and the corresponding average forward
quency x
velocity (right axis) for the soft-magnetic helical swimmer10
(shown in the inset) with two magnetizations resulting from
the application of a 2 mT and 4 mT field, obtained while
swimming in Methyl cellulose (0.2% w/v) near a silicon surface within a triaxial Helmholtz-coil system, which applies
negligible magnetic forces. The average rotation frequency
is deduced from measured forward velocity by recognizing
that the microrobot and field rotation frequencies are the
same below step-out (i.e., the slope of the average microrobot rotation frequency, plotted as a function of field rotation
frequency, is 1 below step-out). A least-squares fit of (5) to
each dataset is also shown. The step-out frequencies of the
swimmer magnetized with the 2 mT (the “baseline”) and
4 mT fields are 17.7 Hz and 23.9 Hz, respectively, indicating
a scaling factor of s ¼ 1.35. The ratio of the average microrobot rotation frequencies is plotted in Fig. 3(b), which falls in
the range of [1.0, 3.0] for xh 2 ½17:7 Hz; 23:9 Hz , and
approaches the horizontal asymptote 1.352 ¼ 1.82.
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 m for a softFIG. 3. (a) The average microrobot rotation frequency x
magnetic helical swimmer [shown in the inset] magnetized by a 2 mT and
4 mT magnitude field, as a function of field rotation frequency xh . The
“baseline” swimmer (s ¼ 1) is magnetized by the 2 mT magnitude field. The
right axis denotes the swimmer’s forward spatial velocity. The numerical
similarity between the left and right axes is coincidental. (b) The ratio of the
average microrobot rotation frequencies at both magnetizations. The right
axis denotes the ratio of the forward spatial velocities.

 m for
Fig. 4(a) shows the average rotation frequency x
two permanent-magnet “microrobot” devices [one is shown
in the inset of Fig. 4(a)], obtained from measured average device forward velocity in the same manner as Fig. 3(a), with
khk ¼ 8 mT. Each permanent-magnet “microrobot” device
consists of a 2.55 mm diameter, 3.18 mm tall cylinder with
an axially magnetized 1.59 mm diameter, 1.59 mm tall cylindrical NdFeB magnet positioned in the device’s geometric
center and polarized perpendicular to the device’s longitudinal axis. Both devices are geometrically identical, but one
contains an N52-grade magnet and the other contains an
N42-grade magnet. The devices are actuated in a triaxial
Helmholtz-coil system and roll on a polystyrene surface
immersed in corn syrup with viscosity and density of 2500
cps and 1.36 g/ml, respectively. Reynolds-number analysis

 m is shown for two permanentFIG. 4. (a) The average rotation frequency x
magnet rolling “microrobot” devices of the same geometry [see the inset of
(a)], but one contains a N42-grade magnet and the other a N52-grade magnet, and with khk ¼ 8 mT as a function of field rotation frequency xh . The
right axes denote the devices’ spatial velocities. (b) The ratio of the average
device rotation frequencies. The right axis denotes the ratio of the devices’
spatial velocities. Reynolds-number analysis predicts that both “microrobot”
devices behave equivalently to a 60 lm diameter microrobot in water.
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driving the devices forward for 5 s, turning the devices p=2 rad
clockwise over 3 s, and repeating until a square has been
completed. The field rotates at 1 Hz, where both “microrobot”
devices synchronously rotate, and khk ¼ 8:0 mT. The N42and N52-grade devices follow 4.4 mm and 3.4 mm square
paths and travel at 0.88 mm/s and 0.68 mm/s, respectively,
indicating a forward velocity ratio of 0.80 (Fig. 4(b) predicts
0.91).
Fig. 5(b) shows both permanent-magnet “microrobot”
devices operated with khk ¼ 8:0 mT and xh ¼ 7 Hz, which
is above both devices’ step-out frequencies. In this case, the
path is generated by driving the devices for 16 s and turning
for 3 s. The N42- and N52-grade “microrobot” devices follow 5.1 mm and 8.8 mm square paths and travel at 0.32 mm/s
and 0.55 mm/s, respectively, indicating a forward velocity
ratio of 1.7 (Fig. 4(b) predicts 1.8). This demonstrates the
ability to selectively control the ratio of the microrobots’ forward velocities by operating both devices above their stepout frequencies.
FIG. 5. A demonstration of selective control over the forward velocity ratio of
two permanent-magnet “microrobot” devices by varying the field rotation frequency xh . In (a), both devices follow a square path with khk ¼ 8:0 mT and
xh ¼ 1 Hz, which is below both devices’ step-out frequencies. The measured
forward velocity ratio is 0.80. In (b), both devices follow a square path with
khk ¼ 8:0 mT and xh ¼ 7 Hz, which is above both devices’ step-out frequencies. The measured forward velocity ratio is 1.7. (Multimedia view) [URL:
http://dx.doi.org/10.1063/1.4870768.1]

predicts the behavior of both devices to be equivalent to a
60 lm diameter microrobot in water.
Although both “microrobot” devices are geometrically
the same, unintended surface irregularities cause the forward
velocity of the N42-grade device to be 9.9% faster than the
N52-grade device for the same rotating frequencies. The
step-out frequencies of the N42-grade (i.e., the “baseline”)
and N52-grade devices are 2.75 Hz and 3.88 Hz, respectively,
which indicates a scaling factor of s ¼ 1.41. Fig. 4(b) shows
the ratio of the average device rotation frequencies, which
falls in the range of [1.0, 3.38] for xh 2 ½2:75 Hz; 3:88 Hz ,
and approaches the horizontal asymptote 1.412 ¼ 1.99. The
average forward velocity ratio approaches the horizontal asymptote 1.8.
Fig. 5 (with associated multimedia) demonstrates the use
of the step-out behavior described herein for the simultaneous
control of the two “microrobot” devices used in Fig. 4.
Fig. 5(a) shows both devices actuated along a square path by

The analysis presented herein can add an additional
level of microrobot differentiation to existing multimicrorobot control methods (e.g., addressable actuation
strategies that have proven useful for positioning and manipulation2), and may be applied to exploit natural variance in
batch-manufactured microrobots for the control of microrobot swarms. This work was partially funded by the National
Science Foundation under Grant No. 0952718 and European
Research Council Advanced Grant BOTMED.
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