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Abstract—In this paper, we characterize the detection
thresholds in six orthogonal modes of vibrotactile haptic display
via stylus, including three orthogonal force directions and three
orthogonal torque directions at the haptic interaction point. A
psychophysical study is performed to determine detection
thresholds over the frequency range 20–250 Hz, for six distinct
styluses. Analysis of variance is used to test the hypothesis that
force signals, as well as torque signals, applied in different
directions have different detection thresholds. We find that
people are less sensitive to force signals parallel to the stylus than
to those orthogonal to the stylus at low frequencies, and far more
sensitive to torque signals about the stylus than to those
orthogonal to the stylus. Optimization techniques are used to
determine four independent two-parameter models to describe
the frequency-dependent thresholds for each of the orthogonal
force and torque modes for a stylus that is approximately
radially symmetric; six independent models are required if the
stylus is not well approximated as radially symmetric. Finally, we
provide a means to estimate the model parameters given stylus
parameters, for a range of styluses, and to estimate the coupling
between orthogonal modes.

Index Terms—Pen-hold grasp, tool-mediated vibrotactile per-
ception, magnetic haptic interface.

I. INTRODUCTION

V IBROTACTILE haptic display of high-frequency vibra-

tions enables event-based feedback [1], [2], the display

of textures [3]–[6] and patterned surfaces [7]–[13], and even

musical haptics [14], which can significantly enhance haptic

fidelity of tool-mediated interaction with virtual or telemani-

pulated environments [15], [16]. Of particular interest is vibro-

tactile display with a pen-like stylus using a precision grasp

(Fig. 1); the precision grasp is commonly used to manipulate a

tool [17], and stylus-based haptic devices are commonly avail-

able commercially [18].

Although there has been significant research on chara-

cterizing humans’ vibrotactile perception in terms of

displacement [19]–[22], humans mainly sense acceleration

during vibrotactile perception [22]–[24], which motivates

studies that have considered acceleration for vibrotactile dis-

play [4], [13], [25], [26]. However, it is challenging to gener-

ate a desired vibrotactile perception in terms of acceleration

since many vibrotactile displays are designed primarily to dis-

play force- and/or moment-driven vibrations in an open-loop

fashion, using either the haptic device’s native actuators or

auxiliary actuators attached to the haptic device. There are

two principal approaches to display a desired acceleration.

One approach is to attach auxiliary accelerometers to close the

control loop, which does not require any model, but there will

be some latency in achieving the desired acceleration [4],

[23], [25]. The other approach, which does not require any

modification of the haptic device, is to convert desired acceler-

ations to the corresponding torques and/or forces using an

inertia model [26].

Prior works have developed dynamic models for the human

hand-arm system to understand how force-driven vibrations

transmit to the hand based on finite-element analysis [27],

mass-spring-damper systems [28]–[33], or mechanical imped-

ance [21], [34]. A state-of-the-art method for haptic texture

display used stylus mass as a simplified inertia model to con-

vert desired accelerations to their corresponding forces, which

are then fed into the native actuators of a three-degree-of-free-

dom kinesthetic device [26].

Stylus-based kinesthetic haptic interfaces can render up to

6D vibrotactile stimuli—typically either 3D, 5D, or 6D—at

the haptic interaction point (HIP). However, until recently,

there has been little known about vibrotactile perception

using torque signals (about any axis), nor how torque signals

can be mapped to accelerations using inertia models. It is

also unclear if the simplified inertia model used in [26] can

be extended to a moment-driven vibrotactile display, since

the sensation associated with a given vibration intensity is

largely invariant to the direction of a force-driven vibra-

tion [20], [23], [35]–[38], but the same cannot be said for

moment-driven vibrations [36]–[38]. Without an accurate

inertia model—which must account for not only the inertia

of the stylus (which is known), but also the effective inertia

of limb (which is likely poorly understood, especially for a

moment-driven vibration)—it is unclear how to display some

open-loop force and/or moment to achieve a desired

acceleration.
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Due to the complexity of modeling the limb-stylus inertia,

in this paper, we consider vibrotactile perception in terms of

the mechanical source variables (i.e., force and torque) for

vibrotactile display, which directly maps the device’s input

variables to humans’ sensations without any preconceived

inertia model. Our preliminary study on which this paper is

based considered each of the six orthogonal modes of stylus-

based vibrotactile display and found that humans are far more

sensitive to torque about the shaft of the stylus than torque

orthogonal to the shaft for the frequency range of 20–250 Hz,

and are less sensitive to force along the shaft than force

orthogonal to the shaft at very low frequencies [36]. Our latest

study proposed a weighting function that describes how the

six orthogonal modes mix in the mapping to 1D vibrotactile

perception [37], [38], motivated by the fact that humans can-

not distinguish the direction [39] or phasing [9] of high-fre-

quency vibrations. However, in both of these studies, we only

considered a single stylus, and there is little known about how

stylus parameters affect vibrotactile perceptions.

In this paper, we conduct two psychophysical experiments

to determine the vibrotactile detection thresholds in each of

the six orthogonal modes applied in a standard coordinate

frame located at the HIP, for styluses held with a precision

grasp (Fig. 1). The response variable that we use to quantify

the detection threshold is the amplitude of the sinusoidal force

or torque signal. We consider precision grasp holistically,

without any preconceived notions about the relative sensations

between the stimuli applied in the six orthogonal modes. The

first experiment, which is an extension of [36], explores how

the vibrotactile detection thresholds vary as a function of the

frequency of the vibrotactile stimuli (i.e., the sinusoidal force

or torque signals) and provides critical comparison between

six orthogonal modes of vibrotactile display; this experiment

considers ten frequencies within the frequency range of 20–

250 Hz. The second experiment, which considers a variety of

custom styluses, explores how the vibrotactile detection

thresholds vary as a function of stylus parameters such as iner-

tia, diameter at the grasp location, and the distance between

the HIP and the grasp location; this experiment considers three

frequencies, based on the results of the first experiment: low

(20 Hz), medium (108 Hz), and high (250 Hz).

Following the two psychophysical experiments, we find

minimal-parameter models, in each of the orthogonal modes,

that accurately describe the vibrotactile detection thresholds

across frequencies. Each model has just two free parameters

that must be determined (e.g., experimentally calibrated) for a

given stylus. Finally, we propose functions that can be used to

estimate these free parameters for a given stylus based on the

stylus parameters (i.e., without any experimental calibration).

This function will be locally accurate for styluses with proper-

ties comparable to those considered in our experiments.

In our experiments, we use a magnetic haptic interface com-

prising an electromagnetic field source and a fully untethered

stylus that has a permanent magnet attached at one end, the

center of which serves as the HIP (Fig. 1). Our interface is

capable of rendering vibrotactile sensations in each of the six

orthogonal modes, independently, with a single stylus that can

be designed as any desired shape, making it ideal for this

study. Magnetic haptic interfaces differ from traditional haptic

interfaces that utilize one or more back-drivable motors in a

kinematic chain [1], [21], [26], [40] or one or more vibrotac-

tile actuators attached to the stylus to render vibrations [4],

[18], [33]. The dynamics of a kinematic chain may affect

vibration transmission and users’ vibrotactile perception. A

vibrotactile actuator can only render 1D vibration, driven by

either force or moment, making it challenging to render inde-

pendent vibrations in different directions while controlling for

actuation authority and stylus inertia properties. Although our

experiments use a magnetic haptic interface, the results of our

study generalize to any haptic interface using a stylus, pro-

vided the actuation applied at the HIP is a force or moment

(i.e., the interface is “impedance-type”).

II. EXPERIMENT 1: EFFECT OF FREQUENCY AND MODE

ON DETECTION THRESHOLDS

We conducted the first psychophysical experiment to gener-

ate a human-subject data set of detection thresholds for the six

orthogonal modes of vibrotactile display in the frequency

range of 20–250 Hz using a pen-shaped aluminum stylus. The

data set was used to test the hypothesis that force signals, as

well as torque signals, applied in different directions have dif-

ferent detection thresholds. Much of Experiment 1 was pre-

sented in [36]. Here, we went beyond [36] by adding two

additional human subjects (from 10 to 12), and including a

power analysis on force and torque directions for which a sig-

nificant difference was not found.

A. Materials and Methods

1) Human Subjects: The psychophysical study was per-

formed by 12 (seven male, five female) right-handed subjects,

ages 23–31, who were student volunteers that gave informed

consent. Subjects have normal tactile sensation and normal

(corrected) vision by self-report. The study was approved by

the University of Utah Institutional Review Board (IRB

#00096461).

2) Apparatus: This study utilized a magnetic haptic inter-

face (Fig. 2) that comprises two separate parts: an electromag-

netic field source known as an Omnimagnet, and an

untethered stylus with a cubic permanent magnet rigidly

attached to one end using beeswax. The experimental

Fig. 1. Posture of a precision grasp, shown with the stylus of the magnetic
haptic interface used in this study. Forces and torques are applied at the haptic
interaction point (HIP). The coordinate system used defines x along the stylus,
y pointing upward, and z pointing toward the subject when the stylus is held in
front of the subject as shown. In general, the HIP and grasp location are sepa-
rated by distance d. The stylus shown is stylus S1 in this study.
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apparatus enabled us to display pure forces and torques at the

HIP of the stylus, which was the center of the permanent mag-

net, without any confounding factors related to the configura-

tion-dependent inertia and friction found in tradition linkage-

based haptic interfaces. The magnetic field from the electro-

magnet generates a force ff ¼ rðmm � bbÞ (units N) and torque

tt ¼ mm� bb (units N � m) on the stylus’s magnetic dipole mm
(units A � m2), which can be modeled as being at the center of

the cubic NdFeB permanent magnet [41]. In this experiment,

we use a 12.7-mm magnet (kmmk ¼ 2:15 A � m2, 15.4-g mass).

The experimental characterization of the magnetic haptic

interface is described in Appendix A.

We used a radially symmetric aluminum stylus, S1 (Figs. 1,

2, and 3), which was similar to a common pen, and which was

also used in [37], [38]. A 4-mm-wide red band located at the

stylus’s center-of-mass indicates the desired resting position

of the stylus on the subject’s middle finger. The cubic perma-

nent magnet was attached on one end; the black mark indi-

cates the direction of the magnet’s dipole moment (i.e.,

pointing from the south pole to the north pole), which was

orthogonal to the stylus’s x axis.

3) Design: We designed this experiment to enable us to

investigate two distinct hypotheses. Hypothesis 1.1: There is a

difference in detection thresholds between the three orthogo-

nal force modes. Hypothesis 1.2: There is a difference in

detection thresholds between the three orthogonal torque

modes.

This experiment used a full-factorial repeated-measures

design with two factors: the configuration of the magnetic

haptic interface (Fig. 4) and the frequency of the vibration.

We considered six configurations of the magnetic haptic

interface (i.e., six orthogonal modes), three of which corre-

sponded to a pure force along one of the three orthogonal

axes of the stylus, and three of which corresponded to a pure

torque about one of the three orthogonal axes. The ten vibra-

tion frequencies considered in this experiment were spaced

evenly in a log 10 scale within the frequency range of 20–

250 Hz. This range was chosen because humans are able to

detect vibrotactile stimuli in the frequency range of 20–

1000 Hz [39], and most haptic interfaces cannot correctly

render vibration beyond 250 Hz [1]. The above factors

yielded 60 distinct combinations. The authors verified that

the direction of vibration was not detectable across the entire

frequency range, as expected [39].

We are interested in characterizing the vibrotactile detec-

tion threshold of the amplitude (i.e., half peak-to-peak) of the

sinusoidal force or torque signal applied at the HIP, as a func-

tion of a variety of variables of interest. We used an adaptive

tracking procedure (see Section II-A4) to determine the vibro-

tactile detection threshold of each subject for a given combi-

nation of variables. This procedure resulted in a number of

reversals, which ultimately led to six best-estimate-threshold

(BET) values for each combination, which were used as

repeated measures in the analysis of variance (ANOVA). We

performed all statistical analysis on the log 10BET values,

since humans’ cutaneous systems perceive vibrotactile stimuli

in this scale, based on Stevens’ power law [42]. We used a

mixed-effect ANOVA model to determine statistical signifi-

cance in an experiment with response variable log 10BET,

with blocking factor subject treated as a random-effect vari-

able, and treatment factors mode and frequency treated as

fixed-effect variables. The Tukey post-hoc pairwise compari-

son test was run for factors found to be significant. The con-

ventional significance for the entire analysis was determined

at a ¼ 0:05, two tailed. Statistical analysis was performed

with SPSS and MATLAB R2020a.

We performed post-hoc power analysis for the pairwise

comparisons of mode that were found to be not significantly

different. We considered each pairwise comparison to be suffi-

ciently powered if it would be capable of detecting a differ-

ence equal to the just noticeable difference (JND) in

amplitude discrimination if such a difference existed (using

the conventional power of 1� b ¼ 0:8, two tailed). The dif-

ference Dm that could have been detected is

Dm ¼ t�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2
1

n1
þ S2

2

n2

s
; (1)

where Sj is the standard deviation in log 10BET of data set j,
nj is the sample size for data set j, and t� is the critical value.
The Bonferroni correction suggested using a significance of

a� ¼ a=10 ¼ 0:005 for each of the ten individual pairwise

comparisons (i.e., ten frequencies), which corresponds to a

critical value of 2.8. Combined with a critical value of 0.84

for the desired power of 0.8, we considered a total critical

value of t� ¼ 2:8þ 0:84 ¼ 3:64. Prior studies reported the

JND in amplitude discrimination of 0.4–6 dB (for various

quantities) in the frequency range of 20–250 Hz, which

reached its highest value (i.e., 6 dB) when the intensity of the

vibrotactile stimulus is close to the detection threshold [22],

[43]–[47]. Thus, we concluded that there was sufficient power

for any individual pairwise comparison (i.e., between two par-

ticular modes at a given frequency) when the difference Dm
calculated using (1) was not greater than log102 (i.e., 6 dB con-

verted to a log 10 scale).

Fig. 2. (Left) Experimental setup. The magnetic haptic interface comprises
an Omnimagnet electromagnetic field source and an untethered magnetic sty-
lus. The subject holds the stylus with a precision grasp, with her forearm rest-
ing on an armrest. The monitor displays simple prompts. (Right) Close-up
showing the magnetic haptic interface. The subject places the stylus’s magnet
at a location indicated by a given nonmagnetic rod extending from the Omni-
magnet, without contacting it. Note, the configuration shown corresponds to
Fig. 4(f), and the stylus shown is S1.
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4) Procedure: Experiment 1 was conducted in six ses-

sions, each considering a single mode and lasting 35–50

minutes per subject. For a given subject, the sessions were

separated by at least 48 hours to mitigate the effect of the con-

figuration order [48]. The order of the sessions was random-

ized for each subject.

At the beginning of a session, the subject sat in front of the

table with the apparatus on it (Fig. 2). A 100-mm-long non-

magnetic rod attached to a given side of the Omnimagnet indi-

cated the desired position of the stylus. The subject was

instructed to rest their forearm on the armrest, hold the stylus

using a precision grasp with the center of the middle finger

contacting the red band, and place the center of the stylus’s

permanent magnet very close to the end of the given rod with-

out contacting it. Before the experiment began, the subject

was allowed to adjust the height of the chair, the height of the

armrest, and the position of the Omnimagnet on the table to

facilitate a comfortable posture while holding the stylus in a

precision grasp. Subjects were instructed to use a grasp force

consistent with how they would comfortably hold a pen for

Fig. 3. Styluses used in this study. Each stylus comprises (at most) three cylindrical sections, with a cuboid section on which a cubic permanent magnet is
attached. The center-of-mass of the complete stylus is indicated by the red band.
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writing. We note that all six configurations (Fig. 4) enabled the

subject to hold the stylus in the same orientation. The subject

wore ear muffs for the duration of the experiment to eliminate

audio cues from the device and other distractions. A 508 mm

(20 in) monitor, placed at an approximate distance of 700 mm

from the subject, provided a visual display.

In a given session, the order of the ten frequencies was ran-

domized for each subject. The subject was given no informa-

tion about the vibration parameters. The procedure to

determine the BET for a given frequency was as follows. A

two-interval forced-choice (2-IFC) psychophysical design [49]

and a one-up, two-down adaptive tracking procedure [50] was

used to determine the BET of the subject for a given fre-

quency. A single 2-IFC trial included two samples: one sam-

ple that did not vibrate the stylus, and one that did, presented

in a random order. Each sample lasted 1.5 s with a number

“1” or “2” simultaneously displayed on the monitor. Each 2-

IFC trial forced the subject to choose which sample had the

vibration (whether or not they could perceive one). There was

a pause after each trial to allow the subject to indicate, either

verbally or with a show of fingers, which sample had the

vibration; the response was manually recorded by the experi-

menter, after which she began the next trial. The one-up, two-

down adaptive tracking procedure determined the amplitude

of the vibration signal for each trial. This procedure was

started at a high amplitude that is easily felt (determined dur-

ing pilot testing among the authors), decreased after two suc-

cessive correct responses, then increased after any single

incorrect response, and finally stopped at the 15th reversal.

The amplitude was multiplied/divided by 2 for an increase/

decrease, respectively, in the first three reversals, and then byffiffiffi
2

p
in the remaining 12 reversals. The final 12 reversal ampli-

tudes were used to estimate the threshold for a given fre-

quency, which in turn is the threshold for a given

combination. Each reversal amplitude corresponding to a

change from increasing to decreasing was paired with the next

reversal amplitude corresponding to a change from decreasing

to increasing. The BET for each pair was computed as the geo-

metric mean of the two reversal amplitudes [51]. Each fre-

quency (i.e., combination) resulted in six BETs (from the final

12 reversals), which were used as repeated measures in the

ANOVA.

After half of the session was complete (i.e., after five fre-

quencies were complete), the subject was forced to take a break

of at least 5 minutes to eliminate fatigue. The subject could also

take a break at any time during the session if requested.

Fig. 4. The six configurations of the magnetic haptic interface used in this study, which each excite one of the six orthogonal modes. When current i flows
through the electromagnet as shown, it generates the corresponding dipole moment MM located at the electromagnet’s center. The permanent magnet’s dipole
momentmm is located at its center. The top three configurations correspond to a force mode along a given orthogonal axis, due to the spatial derivative of the field:
ff ¼ rðmm � bbÞ. The bottom three configurations correspond to a torque mode about a given orthogonal axis, as the stylus’s dipole attempts to align with the field:
tt ¼ mm� bb. When the current is varied sinusoidally in time, the magnitude of the resulting force or torque varies sinusoidally in time as well.
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B. Results

1) Comparison of Force Modes (Hypothesis 1.1): Figure 5

shows the experimental results for BET, for all frequencies

tested, for the three pure-force configurations (Figs. 4(a), 4(b),

and 4(c)). For each of the three orthogonal force modes (i.e.,

the three pure-force configurations), there was a clear trend of

BET being relatively high (i.e., the subjects are relatively

insensitive) at the lowest frequencies, with the BET decreas-

ing with increasing frequency to a minimum value (i.e., fre-

quencies at which the subjects are most sensitive), and then

BET increasing with further increases in frequency. After ver-

ifying the normality and sphericity assumptions are met, a

within-subjects two-way ANOVA with mode, frequency, and

their interaction for all three orthogonal force modes (i.e., 30

combinations) showed the effect of mode was statistically sig-

nificant (F ¼ 11:3, p < 0:01), as was the effect of frequency
(F ¼ 17:9, p < 0:001), but the effect of their interaction was

not significant. A Tukey post-hoc pairwise comparison test for

mode showed the difference between fx and fy and the differ-

ence between fx and fz were statistically significant

(p < 0:001 in each case), but the difference between fy and

fz was not significant.
A post-hoc pairwise power test between fy and fz for all

frequencies tested indicated that the desired power of 0.8 was

reached for all frequencies except 189 Hz. Considering the

substantial overlap of the confidence intervals at 189 Hz, we

felt comfortable reaching the conclusion that fy and fz were

largely equivalent across frequencies. This enabled us to

establish a new data set fy [ fz, which is the union of the fy
and fz data sets, in order to increase the power of the statistical
tests to follow.

Using the two data sets fx and fy [ fz, after verifying the

normality and sphericity assumptions are met, a within-sub-

jects two-way ANOVA with mode, frequency, and their inter-

action for both orthogonal force modes (i.e., 20 combinations)

showed the effect of mode was statistically significant

(F ¼ 38:1, p < 0:001), as was the effect of frequency

(F ¼ 19:0, p < 0:001), but the effect of their interaction was

not significant. A Tukey post-hoc pairwise comparison test

between fx and fy [ fz for all frequency tested showed the dif-
ferences at 20–35 Hz and at 142 Hz were statistically signifi-

cant (p < 0:005 in each case), but the differences at all other

six frequencies were not significant. For each of these six

frequencies, a post-hoc pairwise power test between fx and

fy [ fz indicated that the desired power of 0.8 was reached.

For each of the four frequencies found to have significant dif-

ferences, log10BET due to fx was higher than due to fy [ fz,
meaning subjects were less sensitive to force signals along the

shaft of the stylus than to the two force signals orthogonal to

the shaft (which were the same as each other) at these

frequencies.

2) Comparison of Torque Modes (Hypothesis 1.2):

Figure 6 shows the experimental results for BET, for all fre-

quencies tested, for the three pure-torque configurations

(Figs. 4(d), 4(e), and 4(f)). As with forces, for each of the three

orthogonal torque modes (i.e., three pure-torque configura-

tions), there was a clear trend of BET being relatively high

(i.e., the subjects were relatively insensitive) at the lowest fre-

quencies, with the BET decreasing with increasing frequency

to a minimum value (i.e., frequencies at which the subjects

were most sensitive), and then BET increasing with further

increases in frequency. After verifying the normality and

sphericity assumptions are met, a within-subjects two-way

ANOVA with mode, frequency, and their interaction for all

three orthogonal torque modes (i.e., 30 combinations) showed

the effect of mode was statistically significant (F ¼ 176:0,
p < 0:001), as was the effect of frequency (F ¼ 17:4,
p < 0:001), but the effect of their interaction was not signifi-

cant. A Tukey post-hoc pairwise comparison test for mode

showed the difference between tx and ty and the difference

between tx and tz were statistically significant (p < 0:001 in

each case), but the difference between ty and tz was not

significant.

A post-hoc pairwise power test between ty and tz for all fre-

quencies tested indicated that the desired power of 0.8 was

reached for all frequencies except 250 Hz. Considering the

substantial overlap of the confidence intervals at 250 Hz, we

felt comfortable reaching the conclusion that ty and tz were

largely equivalent across frequencies. This enabled us to

establish a new data set ty [ tz, which is the union of the ty
and tz data sets.

Using the two data sets tx and ty [ tz, after verifying the

normality and sphericity assumptions are met, a within-sub-

jects two-way ANOVA with mode, frequency, and their inter-

action for both orthogonal torque modes (i.e., 20

combinations) showed the effect of mode was statistically

Fig. 5. BET (means with 95% CI) for the orthogonal force modes, for all fre-
quencies and subjects tested, where fy [ fz is the union of the fy and fz data
sets.

Fig. 6. BET (means with 95% CI) for orthogonal torque modes, for all fre-
quencies and subjects tested, where ty [ tz is the union of the ty and tz data
sets.
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significant (F ¼ 287:2, p < 0:001), as was the effect of fre-

quency (F ¼ 17:4, p < 0:001), but the effect of their interac-
tion was not significant. A Tukey post-hoc pairwise

comparison test for frequency and mode showed that, at all

frequencies, the differences between tx and ty [ tz was statis-

tically significant (p < 0:005 in each case). BET due to tx
was significantly lower than due to ty [ tz at all frequencies,
with a large effect size; the BET means of tx were approxi-

mately three times lower than the BET means due to ty [ tz at

the lowest frequencies, and were approximately 25 times

lower at the frequencies of peak sensitivity. This means that

subjects were substantially more sensitive to torque signals

about the shaft of the stylus than torque signals about the two

axes orthogonal to the shaft (which were the same as each

other).

III. EXPERIMENT 2: EFFECT OF STYLUS PARAMETERS ON

DETECTION THRESHOLDS

The results of Experiment 1 are for a specific stylus. We

conducted the second psychophysical experiment to generate

a human-subject data set of detection thresholds for the six

orthogonal modes of vibrotactile display, for a variety of cus-

tom styluses, for three frequencies (based on the results of the

Experiment 1): low (20 Hz), medium (108 Hz), and high

(250 Hz). The data set was used to test the hypothesis that

detection thresholds are affected by a number of stylus param-

eters: inertia, diameter at the grasp location, and the distance

between the HIP and the grasp location.

A. Methods

1) Human Subjects: The same human subjects that partici-

pated in Experiment 1 participated in Experiment 2.

2) Apparatus: This experiment utilized the same magnetic

haptic interface described in Experiment 1.We used five alumi-

num styluses, S2–S6 (Fig. 3). Using S1 from Experiment 1 as

the reference stylus, we designed the five new styluses to each

reduce one parameter by a factor of 2—including the mass

(S2), moment of inertia about three axes (S3), the diameter of

the cylindrical section at the grasp point (S4 and S5), and the

distance between the center of the permanent magnet (i.e., the

HIP) and the stylus’s center-of-mass (S6)—while holding other

relevant parameters constant. We assume that the other uncon-

trolled parameters will not affect the vibrotactile perception in

a given mode, due to the expected dynamics of the vibration

mode. In this experiment, we used two different permanent

magnets: a 9.53-mm magnet (kmmk ¼ 1:02 A � m2, 6.48-g

mass) for styluses S2 and S3; and a 12.7-mm magnet

(kmmk ¼ 2:15A �m2, 15.4-g mass) for styluses S4, S5, and S6.

3) Design: We designed this experiment to enable us to

investigate ten distinct hypotheses, as enumerated in Table I.

Each hypothesis considers if a certain stylus parameter affects

the detection threshold in a certain direction, and that test

involves a comparison between two styluses. For example,

Hypothesis 2.1 considers if stylus massm affects the detection

threshold for fx, and it involves a comparison between sty-

luses S1 and S2.

Experiment 2 uses a fractional-factorial repeated-measures

design with three treatment factors: the mode (Fig. 4), the fre-

quency of vibration, and the stylus (Fig. 3). We consider the

same six configurations as in Experiment 1, but at only three

vibration frequencies (20 Hz, 108 Hz, and 250 Hz), which are

a subset of the ten frequencies considered in Experiment 1.

The results from Experiment 1 showed a similar trend of BET

for all six modes within the frequency range 20–250 Hz for

S1. The three frequencies that were chosen to capture the over-

all trend: 20 Hz and 250 Hz are the lowest and highest fre-

quencies within the frequency range tested, with moderate

sensitivity, and the BET at approximately 108 Hz reaches the

minimum value, where subjects are most sensitive. We implic-

itly assume that a change of stylus parameters will not sub-

stantially affect this overall trend. The three stylus parameters

considered in this experiment are the stylus inertia, the stylus

diameter at the grasp location, and the distance between the

HIP and the grasp location. The distance between the HIP and

the grasp location is considered for the four modes fy, fz, ty,
and tz; the other parameters are considered for all six modes.

We only consider the stylus inertia in the direction of the cor-

responding vibration mode and assume the unconsidered iner-

tias do not affect the vibrotactile sensations in that mode. The

mass corresponds to fx, the moment of inertia about the axis

of the stylus corresponds to tx, and the moment of inertia

orthogonal to the axis of the stylus corresponds to fy, fz, ty,
and tz. We tested the following stylus-mode combinations: S2

and S4 with fx; S3 and S5 with all modes excluding fx; and S6

with all modes excluding fx and tx. This yields 48 distinct

parameter sets.

We use a mixed-effect ANOVA model to determine statisti-

cal significance in an experiment with response variable

log 10BET, with blocking factor subject treated as a random-

effect variable, and treatment factors treated as fixed-effect

variables, which are frequency for all Hypotheses 2.1–2.10,

inertia for Hypotheses 2.1, 2.3, 2.6, and 2.8, diameter for

Hypotheses 2.2, 2.4, 2.7, and 2.9, and distance for Hypotheses

2.5 and 2.10.

We performed post-hoc power analysis for the pairwise com-

parisons of styluses that were found to be not significantly

TABLE I
THE TEN HYPOTHESES OF EXPERIMENT 2 AND THEIR RESULTS
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different. We consider each pairwise comparison to be suffi-

ciently powered if it would be capable of detecting a difference

Dm from (1) equal to the just noticeable difference (JND) in

amplitude discrimination if such a difference existed (using the

conventional power of 1� b ¼ 0:8, two tailed). The Bonferroni
correction suggests to use a significance of a� ¼ a=3 ¼ 0:017
for each of the three individual pairwise comparisons (i.e., three

frequencies), which corresponds to a critical value of 2.4. Com-

bined with a critical value of 0.84 for the desired power of 0.8,

we consider a total critical value of t� ¼ 2:4þ 0:84 ¼ 3:24.
Similar to the post-hoc power test for Experiment 1, we conclude

there is sufficient power for any individual pairwise comparison

(i.e., between two particular modes at a given frequency) when

the difference Dm calculated using (1) is not greater than log102
(i.e., 6 dB converted to a log 10 scale).

4) Procedure: Experiment 2 was conducted in 6 sessions,

with each session considering a single mode (i.e., configura-

tion) and lasting 35–50 minutes per subject. Most of the proce-

dure was the same as previously described for Experiment 1.

However, we made the following changes for Experiment 2.

The subject was required to change stylus once or twice within

the session, with the order of the styluses, and subsequently

the frequencies, in a given session randomized. The subject

was forced to take a break of at least 1 minute when the exper-

imenter changed the stylus (i.e., after three frequencies are

complete). Finally, the subject manually input their response

using a numeric keypad.

B. Results

After verifying the normality and sphericity assumptions

were met, a within-subjects two-way ANOVA with frequency,

the specific stylus parameter of interest, and their interaction

for each hypothesis was performed. For all ten hypotheses, the

main effect of frequency was statistically significant (as

expected from Experiment 1). The results for the main effect

of the specific stylus parameter of interest are provided in

Table I; we include the F statistic and p value. For each param-

eter in which a significant effect was found, we indicate if

there was a positive or negative correlation between a change

in the stylus parameter of interest and the respective detection

threshold. For all ten hypotheses, the interaction between fre-

quency and the stylus parameter was not statistically

significant.

There were two hypotheses for which a statistically signifi-

cant effect of the stylus parameter on the respective detection

threshold was not found. For Hypothesis 2.7, a post-hoc pair-

wise power test between S1 and S5 for all three frequencies

tested indicates that the desired power of 0.8 was reached for

all frequencies tested except 20 Hz. For Hypothesis 2.10, a

post-hoc pairwise power test between S1 and S6 for all three

frequency tested indicates that the desired power of 0.8 was

reached for all frequencies tested.

IV. PARAMETRIC MODELING OF DETECTION THRESHOLDS

In this section, we utilize the results of Experiment 1 to first

develop a parametric model that characterizes the role of

frequency on detection thresholds in each of the six principal

modes. Then, using the results of Experiment 2, we expand

the model to incorporate the role of stylus parameters and

identify model parameters that are invariant to stylus

parameters.

A. Characterizing the Role of Frequency

We propose a simple yet effective model that characterizes

the detection thresholds (units N for the force modes and units

N � m for the torque modes) as a function of the frequency v

(units Hz) of the sinusoidal vibrotactile stimulus displayed at

the HIP. After observing the shape of the curves in Figs. 5 and

6 from Experiment 1, and inspired by frequency-response

plots of transfer functions (i.e., Bode magnitude plots), we

hypothesized that we could fit a five-parameter model of the

form

gBETðvÞ ¼ k
1þ vi=zð Þh
1þ vi=pð Þc

�����
����� (2)

to each of the principal modes, where i is the imaginary unit.

The performance of such a model, for mode j, can be evalu-
ated using the mean square error

MSEj ¼ 1

N

XN
n¼1

log10
gðBETjðvnÞÞ � log10ðBETjðvnÞÞ

� �2

(3)

where log10BETjðvnÞ is the mean value across all subjects,

and gBETjðvnÞ is the model’s predicted threshold, for each of

the N ¼ 10 frequencies tested. We consider the threshold val-

ues in a log10 scale because humans’ cutaneous sensing per-

ceives vibrotactile stimuli in this scale [42].

Using our complete data set for stylus S1, we use gradient-

descent to minimize MSE for each of the four models

Fig. 7. Measured BET values for stylus S1 (mean with 95% confidence inter-
vals in log10 scale) and estimated BET values using four independent five-
parameter models.
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independently. Fig. 7 shows the four resulting five-parameter

models. We see that the models do a good job of capturing the

detection thresholds across frequencies.

B. Incorporating the Role of Stylus Parameters

Next, we determine the role of stylus parameters in the five-

parameter models, using the data set of Experiment 2. We

simultaneously identify parameters in those models that are

invariant to stylus parameters and can thus be considered con-

stant. The result is minimal-parameter models for each of the

principal modes.

Let us begin with our model for the fx mode, which will

enable us to describe our methodology that we will apply to

all of the independent modes. From Experiment 2, we know

that both the inertiam (i.e., S2 vs. S1) and diameter D (i.e., S4

vs. S1) affect the detection thresholds in the fx mode, but

what is not clear is which of the five parameters in the model

of S1 must be changed in order to account for changes in these

parameters. Beginning with the model for S1, we allow each

of the five parameters to vary one at a time, and then two at a

time, and fit new minimum-MSE models (now with N ¼ 3) to
the fx mode for each of S2 and S4. As shown in Fig. 8, a

model with just two free parameters is sufficient to describe

the fx mode across stylus parameters:

~fxðvÞ ¼ kfx
1þ vi=61ð Þ11
1þ vi=pfx
� �9:6
�����

����� (4)

The other three parameters in the original five-parameter

model can be treated as constants that are invariant to stylus

parameters. We can now repeat this process for the other

modes.

We know that the inertia Iyy ¼ Izz (i.e., S3 vs. S1), the

diameter D (i.e., S5 vs. S1), and the distance d (i.e., S6 vs. S1)

affect the detection thresholds in the fy and fz modes. As

shown in Fig. 9, a model with just two free parameters is suffi-

cient to describe the fy and fz modes across stylus parameters:

~fyðvÞ ¼ ~fzðvÞ ¼ kfy;z
1þ vi=108ð Þ21
1þ vi=pfy;z
� �17
�����

����� (5)

We know that the inertia Ixx (i.e., S3 vs. S1) and the diameter

D (i.e., S5 vs. S1) affect the detection thresholds in the tx mode.

As shown in Fig. 10, a model with just two free parameters is

sufficient to describe the tx mode across stylus parameters:

Fig. 8. (Left) Measured BET fxðvÞ values for styluses S1, S2, and S4 (mean
with 95% confidence intervals in log10 scale), and estimated BET values using
the recommended two-parameter model. (Right) MSE for styluses S2 and S4

in which only one or two parameters are varied from the baseline model for
S1.

Fig. 9. (Left) Measured BET fyðvÞ ¼ fzðvÞ values for styluses S1, S3, S5,
and S6 (mean with 95% confidence intervals in log10 scale), and estimated
BET values using the recommended two-parameter model. (Right) MSE for
styluses S3, S5, and S6 in which only one or two parameters are varied from
the baseline model for S1. Note: Measured BET is not presented at 250 Hz for
S6 because four subjects could not detect even the highest-magnitude force
signals (7.70 mN) that our experimental system can render at 250 Hz.

Fig. 10. (Left) Measured BET txðvÞ values for styluses S1 and S3 (mean
with 95% confidence intervals in log10 scale), and estimated BET values using
the recommended two-parameter model. (Right) MSE for stylus S3 in which
only one or two parameters are varied from the baseline model for S1.
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~txðvÞ ¼ 1:4e�5
ðvi=143Þhtx
ðvi=28Þctx

�����
����� (6)

Finally, we know that the inertia Iyy ¼ Izz (i.e., S3 vs. S1),

the diameter D (i.e., S5 vs. S1), and the distance d (i.e., S6 vs.

S1) affect the detection thresholds in the ty and tz modes. As

shown in Fig. 11, a model with just two free parameters is suffi-

cient to describe the ty and tz modes across stylus parameters:

~tyðvÞ ¼ ~tzðvÞ ¼ kty;z
1þ vi=122ð Þhty;z
1þ vi=61ð Þ4:2

�����
����� (7)

V. DISCUSSION

Using the results of this study, it is possible to utilize the geo-

metric and inertial properties of the stylus of a haptic display to

estimate how a given high-frequency sinusoidal force or torque

rendered at the HIP compares to the threshold that will be

detected. If this result is combined with the maximum force and

torque values that can be commanded at the HIP of a given hap-

tic display, one can determine the most efficient way to deliver

vibrotactile sensations, potentially considering actuation author-

ity that is already being used for the kinesthetic display.

It is important to remember that the results of this study are

most applicable to stylus’s that have geometric and inertial

properties similar to that of S1. Our local sensitivity analysis

only considered changes in those properties by a factor of two.

For a new stylus that differs from S1 more substantially, the

models developed here may lose accuracy, so extrapolation

should be done with caution.

The result that ~fy ¼ ~fz and ~ty ¼ ~tz should be assumed to be

contingent upon the stylus in question being accurately

approximated as radially symmetric. If that were not the case,

we would expect that separate model parameters would be

required for each of these four modes. As a result, we would

expect a total of 12 independent parameters, rather than eight,

to be required.

Below, we discuss some of the ways in which our results

might be extended for practical application with a given haptic

display.

A. Estimating Model Parameters From Stylus Parameters

Using Linear Interpolation

The four models derived in Section IV-B have a total of

eight independent parameters to characterize a given stylus.

For a new stylus, these parameters could be fit experimentally.

Here, we provide an alternative method to estimate the param-

eter values by linearly interpolating the models that were fit to

the six styluses of this study. We provide equations that can

be used to estimate each of the model parameters, as well as

the range of the stylus parameters for which the model is an

interpolation of experimental values. We note that we have

not shown that the model parameters are linear with respect to

the stylus parameters, so this method should be viewed as an

approximation. Further, additional care should be taken when

applying these equations for stylus parameters that are outside

of the range provided.

The model parameters kfx and pfx can be estimated over the

range of stylus parameters m 2 ½20:7; 41:2� g and

D 2 ½4:76; 9:53� mm as

kfx ¼ ð2:015e�5Þmþ ð2:110e�4ÞD� 4:617e�4 (8Þ
pfx ¼ ð1:567e�1Þm� ð2:041e�1ÞDþ 35:14 (9Þ

The model parameters kfy;z and pfy;z can be estimated over the

range of stylus parameters I? ¼ Iyy ¼ Izz 2 ½8:67e4; 9:30e4� g �
mm2,D 2 ½4:76; 9:53� mm, and d 2 ½22:0; 44:5� mm as

kfy;z ¼ ð7:457e�9ÞI? þ ð8:772e�5ÞD� ð9:239e�6Þd
� 3:901e�4 (10)

pfy;z ¼ ð9:466e�6ÞI? � ð2:802e�1ÞD� ð1:962e�1Þd
þ 91:86 (11)

The model parameters ctx
and htx can be estimated over the

range of stylus parameters Ixx 2 ½352; 719� g � mm2 as

ctx
¼ ð2:166e�3ÞIxx þ 2:037 (12Þ

htx ¼ ð1:147e�2ÞIxx þ 1:995e�1 (13Þ

Finally, the model parameters kty;z and hty;z can be estimated

over the range of stylus parameters I? ¼ Iyy ¼ Izz 2 ½4:33e4;
9:30e4� g � mm2 andD 2 ½4:76; 9:53� mm as

kty;z ¼ ð4:471e�10ÞI? þ ð3:593e�6ÞD� 3:421e�5 (14Þ
hty;z ¼ �ð1:739e�5ÞI? þ ð1:378e�1ÞDþ 6:699 (15Þ

Fig. 11. (Left) Measured BET tyðvÞ ¼ tzðvÞ values for styluses S1, S3, and
S5 (mean with 95% confidence intervals in log10 scale), and estimated BET
values using the recommended two-parameter model. (Right) MSE for sty-
luses S3 and S5 in which only one or two parameters are varied from the base-
line model for S1.
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B. Dimensional Reduction

In this study, we characterized six orthogonal 1D vibrotac-

tile stimuli independently, each as a function of frequency and

stylus parameters. In our prior study [37], which only consid-

ered a single stylus (S1) and a single frequency (108 Hz) as

noted earlier, we considered a full 6D vibrotactile stimulus

and found that a quadratic weighting function of the form

~P ¼ V >WV (16)

can be used to predict the 1D normalized stimulus (i.e., the

detection threshold is indicated by ~P ¼ 1), where V ¼
½fx fy fz tx ty tz�> is the signed magnitudes of the six princi-

pal modes at a common frequency, and W is a positive-semi-

definite weighting matrix whose elements serve a dual

purpose of normalizing the stimulus values and describing the

coupling between the six orthogonal modes. It is our conjec-

ture in [37] that a simple fitting procedure may be possible

with only knowledge of the diagonal elements of W : experi-

mentally determine the diagonal elements, then set W23 ¼
W32 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W22W33

p
and W45 ¼ W54 ¼ 0:1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W44W55

p
to main-

tain the coupling relationships.

We can now combine our current and prior results. We can

view the weighting matrix W for a given stylus as a function

of frequency:

W ¼
1

~fxðvÞ2
0 0 0 0 0

0 1
~fyðvÞ2

1
~fyðvÞ ~fzðvÞ 0 0 0

0 1
~fyðvÞ~fzðvÞ

1
~fzðvÞ2

0 0 0

0 0 0 1
~txðvÞ2

0:1
~txðvÞ~tyðvÞ 0

0 0 0 0:1
~txðvÞ~tyðvÞ

1
~tyðvÞ2 0

0 0 0 0 0 1
~tzðvÞ2

266666666666664

377777777777775
:

(17)

where the values inW can be found using (4)–(7). This makes

the assumption that the coupling relationships observed for

stylus S1 at 108 Hz will hold for different styluses and fre-

quencies. We note that (17) assumes neither ~fy ¼ ~fz nor ~ty ¼
~tz, such that it will generalize to a stylus that cannot be accu-

rately approximated as being radially symmetric. It is also

interesting to note that tx and ty are coupled in their percep-

tion, whereas we have shown herein that it is ~ty and ~tz that

can described by the same functions (assuming a radially sym-

metric stylus). Using the above formulation, we can predict

the 1D normalized vibrotactile stimulus for a given 6D vibro-

tactile stimulus in the frequency range of 20–250 Hz, assum-

ing the stylus under consideration has properties that are

comparable to those of the six styluses considered here.

If the new stylus is substantially different from S1, and it

was determined that (17) was not properly capturing the cou-

pling relationship, a new weighting matrix could be found

using the methodology of [37], [38].

VI. CONCLUSION

In this paper, we characterized the detection thresholds in

the six principal modes of vibrotactile haptic display via sty-

lus, including three orthogonal force directions and three

orthogonal torque directions at the haptic interaction point. A

psychophysical study was performed to determine detection

thresholds over the frequency range 20–250 Hz, for six dis-

tinct styluses. Analysis of variance was used to test the

hypothesis that force signals, as well as torque signals, applied

in different directions have different detection thresholds. We

found that people are less sensitive to force signals parallel to

the stylus than to those orthogonal to the stylus at low frequen-

cies, and far more sensitive to torque signals about the stylus

than to those orthogonal to the stylus. Optimization techniques

were used to determine four independent two-parameter mod-

els to describe the frequency-dependent thresholds for each of

the principal force and torque modes for a stylus that is

approximately radially symmetric. Six independent models

are required if the stylus is not well approximated as radially

symmetric. Finally, we provided a means to estimate the

model parameters given stylus parameters, for a range of sty-

luses, and to estimate the coupling between orthogonal modes.

APPENDIX A

CHARACTERIZATION OF THE HAPTIC INTERFACE

The magnetic haptic interface (Fig. 2) used in this study

comprises an Omnimagnet (i.e., electromagnetic field source)

and an untethered stylus with a permanent magnet attached,

which is used to display pure forces and torques at the HIP of

the stylus.

An Omnimagnet [52] comprises three mutually orthogonal

nested coils with a spherical ferromagnetic core in the center,

with a design that was optimized to maximize the accuracy of

the dipole field model as a description of its field:

bbðppÞ ¼ m0

4pkppk5 3ppppT � kppk2I
� �

MM (18)

where MM (units A � m2) is the dipole moment of the Omni-

magnet, pp (units m) is a vector measured from the center

of the Omnimagnet to a point of interest, m0 ¼ 4p� 10�7

T � m�A�1 is the permeability of free space, I is the identity

matrix, and bb (units T) is the resulting magnetic field vector at

the point of interest. To avoid confounding factors, in this

study we utilize only the middle coil of the Omnimagnet. Its

dipole strength is proportional to its current i (units A) as

kMMk ¼ 6:87i A� m2.

We characterized the frequency response of the coil using a

dynamic signal analyzer (Hewlett Packard 35665 A), as shown

in Fig. 12. The gain data set can be interpolated for any fre-

quency in the range of interest. This enables us to compensate

for high-frequency attenuation, and generally have an under-

standing of what currents (and thus, what magnetic fields) are

being generated at any given frequency given some sinusoidal

voltage input. We are not concerned with phase lag, since it

cannot be perceived [9].
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The electromagnet is powered by a class D audio amplifier

(Crown XLS 2002), capable of 1050 W of maximum output

power for frequencies of 20 Hz to 20 kHz. The frequency

response of the amplifier connected to (i.e., loaded by) the coil

was measured by the dynamic signal analyzer in the 20–250 Hz

frequency range; the results are shown in Fig. 13. The amplifier’s

gain can be approximated as constant at 48.5 with less than 2.9%

error across the frequencies of interest. The amplifier’s phase

plot appears to show a combination of a 1.3 ms delay and a high-

pass-filter behavior; however, we are not concerned with the

phase lag, since it cannot be perceived [9].

The amplifier is given an audio signal from a PC running a

MATLAB program that creates sinusoidal voltage signals,

which are generated by a onboard sound card (Realtek ALC

887). These sinusoidal signals are fed into the amplifier, which

outputs a sinusoidal voltage to the electromagnetic coil. The

gain between the commanded MATLAB signal and the mea-

sured output voltage from the sound card is 2.44 in the fre-

quency range of 20–250 Hz.

The amplitudes of the resulting force and torque are propor-

tional to current i that flows through the middle coil of the

Omnimagnet. To verify the expected linear relationship

between input current and the resulting force and torque, we

characterized the device by measuring the static force and tor-

que on a permanent magnet in the same location used in our

study. We used an ATI Nano17 six-axis force/torque sensor

with a National Instruments PCIe 6320 data acquisition card

with a 1 kHz sampling rate. We fabricated a custom fixture that

rigidly fixed the permanent magnet of the device directly above

the sensor (see Fig. 14), with the device in the configurations

used during the human-subject studies (Fig. 4). In those studies

we consider six configurations corresponding to six orthogonal

modes, but magnetically there are just two distinct configura-

tions used: pure force and pure torque. As shown in Fig. 4, a

pure-force configuration happens when the dipole of the perma-

nent magnet is parallel to the dipole of the Omnimagnet, and a

pure-torque configuration happens when the direction of the

permanent magnet is orthogonal to the dipole of the Omnimag-

net; by changing the location and orientation of the stylus

(including how the permanent magnet is attached to it) and the

orientation of the Omnimagnet, we can direct force or torque in

the desired direction (i.e., in each of the three orthogonal axes).

To characterize force and torque as a function of current, we

consider these two distinct configurations. We commanded DC

current throughout the range of 0.5–4.5 A with a 0.5 A incre-

ment. We gathered data for five runs at 5 s of data per run.

Before each run we gather 3 s of data, which is averaged and

subtracted off to remove any bias from the measurements.

Figure 15 shows the measured force and torque in the con-

figurations intended to generate pure force fx or pure torque

tx; linear least-squares regressions are also shown. In each lin-

ear fit, the offset term represents the best estimate of the bias

in the force sensor used to gather the data, and the slope repre-

sents the best estimate of the actual force/torque generated by

the haptic interface, which is known a priori to be linear with

respect to current i [41]. In the pure-force configuration, the

measured value was fx ¼ 5:94i mN/A, whereas the model-

based value was fx ¼ 6:07i mN/A (i.e., the model overesti-

mated by 3%). This discrepancy is due in part to the model

assuming the magnet is touching the 3D-printed rod in

Fig. 14, whereas during the actual experiments (and when

used in the human-subjects studies) there was a small air gap

between the magnet and the rod. In the pure-torque configura-

tion, the measured value was tx ¼ 0:302i mN � m/A, whereas

the model-based value was tx ¼ 0:310i mN � m/A (i.e., the

model overestimated by 3%).

Fig. 13. Frequency-response plot of output voltage due to input voltage, for
the audio amplifier connected to the middle coil of the Omnimagnet. The mag-
nitude (i.e., half peak-to-peak) of the input sinusoidal voltage signal used to
generate the data is 1.10 V.

Fig. 14. Experimental setup for characterizing quasistatic force and torque.
A permanent magnet is rigidly connected to a force/torque sensor using a 3D-
printed fixture at the desired location. The distance between the center of the
permanent magnet and the center of the Omnimagnet is 0.16 m.

Fig. 12. Frequency-response plot of output current due to input voltage, for
the middle coil of the Omnimagnet. The magnitude (i.e., half peak-to-peak) of
the input sinusoidal voltage signal used to generate the data is 1.10 V.
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Let us consider the effect of the confounding force-tor-

que components at the threshold detection values of ~fx and

~tx, individually. Over the entire frequency range of inter-

est, using the BET values from Fig. 7, we constructed the

W matrix in (17), and then calculated ~P from (16) using

the respective values from Fig. 15 to form the V used in

(16) at the i valued needed to achieve the desired ~fx or ~tx,
respectively. At each frequency, we computed the error in
~P from the expected value of ~P ¼ 1. We found that the

maximum error was j ~P � 1j=1 ¼ 0:059, which occurred at

the frequency of 108 Hz, where subjects are most sensi-

tive. This value is much lower than the most-conservative

Weber fraction of 0.2 in intensity of vibrotactile stimuli

reported in the literature [22], [43], [44]. This suggests

that the confounding force-torque components are not of

sufficient magnitude to impact our study.
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[33] M. J. Fu and M. C. Çavuşo�glu, “Human-arm-and-hand-dynamic model
with variability analyses for a stylus-based haptic interface,” IEEE
Trans. Systems, Man, Cybern., Part B. Cybern., vol. 42, no. 6, pp. 1633–
1644, Dec. 2012.

[34] I. Hwang, J. Seo, M. Kim, and S. Choi, “Vibrotactile perceived intensity
for mobile devices as a function of direction, amplitude, and frequency,”
IEEE Trans. Haptics, vol. 6, no. 3, pp. 352–362, Jul.–Sep. 2013.

[35] G. Park and K. J. Kuchenbecker, “Objective and subjective assessment
of algorithms for reducing three-axis vibrations to one-axis vibrations,”
in Proc. IEEE World Haptics Conf., 2019, pp. 467–472.

[36] R. Zhang, A. J. Boyles, and J. J. Abbott, “Six principal modes of vibro-
tactile display via stylus,” in Proc. IEEE Haptics Symp., 2018, pp. 313–
318.

[37] R. Zhang, T. J. Schwehr, and J. J. Abbott, “Addendum to ‘dimensional
reduction for 6D vibrotactile display’,” IEEE Trans. Haptics, vol. 14,
no. 2, pp. 445–448, Apr.–Jun. 2021.

[38] R. Zhang, T. J. Schwehr, and J. J. Abbott, “Dimensional reduction for
6D vibrotactile display,” IEEE Trans. Haptics, vol. 13, no. 1, pp. 102–
108, Jan.–Mar. 2020.

[39] J. Bell, S. Bolanowski, and M. H. Holmes, “The structure and function
of pacinian corpuscles: A review,” Prog. Neurobiol., vol. 42, no. 1,
pp. 79–128, 1994.

[40] C. Salisbury, R. B. Gillespie, H. Z. Tan, F. Barbagli, and J. K. Salisbury,
“What you can’t feel won’t hurt you: Evaluating haptic hardware using
a haptic contrast sensitivity function,” IEEE Trans. Haptics, vol. 4,
no. 2, pp. 134–146, Apr.–Jun. 2011.

[41] J. J. Abbott, E. Diller, and A. J. Petruska, “Magnetic methods in robot-
ics,” Annu. Rev. Control Robot. Auton. Syst., vol. 3, pp. 57–90, 2020.

[42] S. S. Stevens, “On the psychophysical law,” Psychol. Rev., vol. 64,
no. 3, pp. 153–181, 1957.

[43] J. C. Craig, “Difference threshold for intensity of tactile stimuli,” Per-
cep. Psychophys., vol. 11, no. 2, pp. 150–152, 1972.

[44] J. C. Craig, “Vibrotactile difference thresholds for intensity and the
effect of a masking stimulus,” Percep. Psychophys., vol. 15, no. 1,
pp. 123–127, 1974.

[45] D. Fucci, L. H. Small, and L. Petrosino, “Intensity difference limens
for lingual vibrotactile stimuli,” Bull. Psychon. Soc., vol. 20, no. 1,
pp. 54–56, 1982.

[46] R. T. Verrillo and G. A. Gescheider, “Perception via the sense of
touch,” in Tactile Aids Hear. Impaired, Whurr, London, U.K., 1992,
pp. 1–36.

[47] A. Israr, H. Z. Tan, and C.M. Reed, “Frequency and amplitude discrimina-
tion along the kinesthetic-cutaneous continuum in the presence of masking
stimuli,” J. Acoust. Soc. Am., vol. 120, no. 5, pp. 2789–2800, 2006.

[48] H. R. Dinse, P. Ragert, B. Pleger, P. Schwenkreis, and M. Tegenthoff,
“Pharmacological modulation of perceptual learning and associated cor-
tical reorganization,” Science, vol. 301, no. 5629, pp. 91–94, 2003.

[49] D. M. Green, “Stimulus selection in adaptive psychophysical
procedures,” J. Acoust. Soc. Am., vol. 87, no. 6, pp. 2662–2674, 1990.

[50] H. Levitt, “Transformed up-down methods in psychoacoustics,” J.
Acoust. Soc. Am., vol. 49, no. 2B, pp. 467–477, 1971.

[51] M. C. Meilgaard, B. T. Carr, and G. V. Civille, Sensory Evaluation
Techniques. Boca Raton, FL, USA: CRC Press, 2006.

[52] A. J. Petruska and J. J. Abbott, “Omnimagnet: An omnidirectional elec-
tromagnet for controlled dipole-field generation,” IEEE Trans. Magn.,
vol. 50, no. 7, pp. 1–10, Jul. 2014.

Ruisi Zhang (Student Member, IEEE) received the
B.S. and M.S. degrees in mechanical engineering
from Iowa State University, Ames, IA, USA, in 2012
and 2013, respectively, and the Ph.D. degree in
mechanical engineering from the University of Utah,
Salt Lake City, UT, USA, in 2021.

From 2014 to 2015, she was a Research Intern with
the Institute of Computing Technology, Chinese Acad-
emy of Sciences, Beijing, China. In 2021, she became a
Postdoctoral Researcher with Brigham and Women’s
Hospital, HarvardMedical School, Boston,MA, USA.

Jake J. Abbott (Senior Member, IEEE) received the
B.S. degree in mechanical engineering from Utah
State University, Logan, UT, USA, in 1999, the M.S.
degree in mechanical engineering from the Univer-
sity of Utah, Salt Lake City, UT, USA, in 2001, and
the Ph.D. degree in mechanical engineering from
Johns Hopkins University, Baltimore, MD, USA, in
2006.

In 2006, he became a Postdoctoral Researcher with
ETH Zurich, Switzerland. In 2008, he joined the
Department of Mechanical Engineering, University

of Utah, where he is currently a Professor.

ZHANG AND ABBOTT: CHARACTERIZING DETECTION THRESHOLDS FOR SIX ORTHOGONAL MODES OF VIBROTACTILE DISPLAY VIA STYLUS 177

Authorized licensed use limited to: The University of Utah. Downloaded on March 21,2022 at 22:17:50 UTC from IEEE Xplore.  Restrictions apply. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


