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Abstract—Future retinal therapies will be partially automated
in order to increase the positioning accuracy of surgical tools. Pro-
posed untethered microrobotic approaches that achieve this in-
creased accuracy require localization information for their control.
Since the environment of the human eye is externally observable,
images can be used to localize the microrobots. In this paper, the
common methods of ophthalmoscopy assuming a single stationary
camera are examined and compared with respect to their imaging
and localizing properties on a schematic model of the human eye.
The first algorithm for wide-angle intraocular localization based
on indirect ophthalmoscopy is presented, and its sensitivity with
respect to uncertainties in the parameters of individual eyes is es-
timated. A calibration technique to account for these uncertainties
is proposed, and the localization algorithm is validated with exper-
iments in a model eye.

Index Terms—Eye, imaging, intraocular, localization, micro-
robot, ophthalmoscopy, tracking.

I. INTRODUCTION

V ITREORETINAL surgery requires accuracy and dexterity
that is often beyond the limits of human surgeons. Robot-

assisted solutions have been developed to improve the surgeons’
ability to perform these difficult procedures [1]–[5]. Our work
is motivated by the wireless magnetic intraocular microrobot
proposed in [5]. This microrobot, which can also be thought of as
the end-effector of a wireless micromanipulation system, will be
inserted through the pars plana region of the sclera, wirelessly
controlled down to the retina to perform the desired procedure
under teleoperation or supervisory control of a surgeon, and then
wirelessly controlled back to the entry point to be removed by
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Fig. 1. (a) Anatomy of the human eye. (b) The biomedical microrobot of [5]
in a model eye [9]. The left image shows the intraocular environment without
the eye’s optical elements, and the right image shows the effect of the model
eye’s optics. Images are taken with an unmodified digital camera.

a magnetic tool. This will enable less invasive and safer retinal
surgery, as well as an increased level of dexterity desired by
clinicians.

For precise magnetic control, knowledge of the position of the
untethered device within the magnetic field is needed [6], [7].
Our primary motivation is to provide position information to an
electromagnetic control system [8]. Since the interior of the hu-
man eye is externally observable, vision-based 3-D localization
is possible.

Ophthalmic observation has been practiced for centuries,
and clinicians have the ability to acquire high-definition and
magnified images of the interior of the eye using a variety of
optical tools. However, the optical elements of the eye [see
Fig. 1(a)] limit the field of view, alter the formation of images
[see Fig. 1(b)], and make localization challenging.

We must perform 3-D localization and imaging with a single
stationary camera while allowing for focusing motions because
of the limited workspace above the eye. Common techniques
for the localization of objects from monocular images assume
a calibrated imaging system [13]. However, in our case, cal-
ibrating the entire optical system is infeasible because of the
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Fig. 2. (a) Direct ophthalmoscopy with Navarro’s schematic eye [10]. (b) Ophthalmoscopy with Navarro’s schematic eye with a vitrectomy lens [11]. (c) Indirect
ophthalmoscopy with Navarro’s schematic eye with a condensing lens [12].

inaccessibility of the interior of the human eye and its unique
optics. Other methods for depth extraction involve using fo-
cus/defocus information [14], [15]. Focus-based methods do
not require a model of the object, only knowledge of the optical
system. As a result, our analysis is applicable on any type of
unknown foreign bodies. For example, in [16], [17], fluores-
cent particles are tracked in fluids using defocus information.
Additionally, focus-based methods can be used to estimate the
position of surgical tools, and provide feedback to the surgeon.
Depth from defocus is proposed in [18] as a method to visually
servo intraocular microrobots, but the optics of the eye are not
considered.

In this paper, we account for the optics of the human eye
in the imaging and localization of intraocular objects with a
stationary camera. In Section II, we evaluate different ophthal-
moscopy methods. In Section III, we present our wide-angle
intraocular localization algorithm, we investigate its sensitivity
with respect to variations in human eyes, and we propose a cali-
bration method to correct for the errors resulting from parameter
uncertainties. In Section IV, we demonstrate the validity of the
algorithm by experiments in a model eye. The paper concludes
in Section V. Parts of this work have appeared in [19]–[21].

II. COMPARISON OF OPHTHALMOSCOPY METHODS

Our results are based on Navarro’s schematic eye [10] (i.e.,
an optical model based on biometric data that explains the op-
tical properties of the human eye). Navarro’s schematic eye
performs well for angles up to 70◦ measured from the center of
the pupil and around the optical axis. For greater angles, the bio-
metric data of each patient should be considered individually.
The pupil diameter in [10] is 3 mm. Simulations are carried out
with the OSLO optical lens design software. The object’s depth
is measured along the optical axis. We begin by investigating
the feasibility of imaging and localizing intraocular devices us-
ing existing ophthalmoscopy methods. We assume that we have
sufficient illumination to acquire the images.

A. Direct Ophthalmoscopy

Direct ophthalmoscopy involves direct observation of the hu-
man eye retina by a clinician [22]. Based on [23], the field of
view is found at 10◦ [see Fig. 2(a) and Table I]. The formed im-
age of the intraocular objects is always virtual (see Fig. 3 solid
line), and capturing it requires an imaging system with a nearly

TABLE I
OPTICAL PARAMETERS FOR THE SYSTEMS OF FIG. 2

infinite working distance. Such an imaging system will also have
a large depth of field, and, thus, extracting depth information
from focus will be insensitive to object position.

B. Vitrectomy Lenses

Plano-concave lenses allow for the visualization of devices
operating in the vitreous humor of phakic (i.e., intact intraocular
lens) eyes [22]. In Fig. 2(b), the vitrectomy lens S5.7010 from
HUCO Vision SA [11] is shown. Its optical parameters can be
found in Table I. Vitrectomy lenses increase the field of view
(up to 40◦), attenuate the virtual images formed by the eye
optics, and position them inside the eye. The virtual images
are subsequently captured by an additional imaging system.
Larger lenses capture more rays that escape the pupil by limiting
vignetting and increasing the field of view. Vitrectomy lenses
result in virtual images that span a shorter distance than in direct
ophthalmoscopy, allowing the imaging system to have a shorter
working distance (see Fig. 3 dashed line) and depth of field.
However, the working distance must be at least 20 mm to image
the retina, and since depth of field is proportional to it, there is a
fundamental limit to the depth-from-focus resolution achievable
with vitrectomy lenses.

C. Indirect Ophthalmoscopy

Indirect ophthalmoscopy uses condensing lenses that create
an aerial image of the surface of the retina. Contrary to other oph-
thalmoscopy methods, indirect ophthalmoscopy allows a wide
field of view (even up to 100◦) to be observed. The field of
view is governed not only by the refractive index and the shape
of the condensing lens surfaces but also by the diameter of the
lens itself and its position with respect to the cornea. Due to
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Fig. 3. Image position versus intraocular object position for the systems in
Fig. 2. Image distances are measured from the final surface of each optical
system (5a, 6b, 7, respectively).

Fig. 4. Flowchart for the proposed wide-angle localization algorithm.

vignetting, there are always some rays that escape the eye and
are not captured by the lens, thus, limiting the maximum achiev-
able field of view. State-of-the-art condensing lenses and their
design considerations are discussed in [12]. From simulations of
a system composed of Navarro’s schematic eye equipped with
a condensing lens (see Fig. 2(c) and Table I), the aerial image
position versus the on-axis object position can be estimated (see
Fig. 3 dashed-dotted line). The results indicate that if the aerial
image is directly captured by an imaging system with a shallow
depth of field, both a high field of view and accurate focus-based
localization can be achieved. Because of these reasons, indirect
ophthalmoscopy is the most appropriate method for focus-based
localization.

III. WIDE-ANGLE INTRAOCULAR LOCALIZATION

In [19], an algorithm for intraocular localization based on
paraxial approximations was presented. However, in order to
take advantage of the full field of view that indirect ophthal-
moscopy offers, one must go beyond the simple paraxial mod-
els. We propose a method that is based on raytracing on an
optical model of the human eye that can be constructed pre-
operatively. Methods to extract individual eye parameters are
described in [24] and [25]. Recently, a method that creates per-

TABLE II
OPTICAL PARAMETERS FOR THE CONDENSING LENS OF SECTION III

Fig. 5. Simulation of the isofocus surfaces and isopixel curves for the system
of Fig. 2(c). The different isofocus surfaces correspond to the distance from the
lens to the sensor (dls ), for uniform sensor steps of ∼1.27 mm. The isopixel
curves correspond to pixel distances from the optical axis (dop ).

sonalized eye models from biometric measurements was pro-
posed [26].

Our proposed algorithm can be applied to any type of imag-
ing system that has a shallow depth of field. A flowchart of the
algorithm can be seen in Fig. 4. The analysis that follows con-
siders a simple imaging system consisting of a condensing lens
that creates a flat, aerial retinal image and an image sensor that
captures this image. The condensing lens is composed of one
aspheric surface and one pure conic surface (see Table II and
Fig. 5). The aspheric components were estimated through an it-
erative procedure that reduced the image’s field curvature, for a
field of view of 60◦–70◦. Since Navarro’s eye is valid for a field
of view up to 70◦, it is not necessary to optimize the condensing
lens for a greater field of view. The initial lens’ parameters were
taken from [12], based on the requirement for a flat aerial retinal
image with a high field of view. The surfaces of the condensing
lens are given by

x =
y2/R

1 +
√

1 − ((c + 1)y2)/(R2)

+ a4y
4 + a6y

6 + a8y
8 + a10y

10 (1)

where R is the radius of curvature, c is the conic constant, x
is measured on the optical axis, y is the distance from the op-
tical axis, and a4 , a6 , a8 , and a10 are the aspheric coefficients.
Initially, we determined a4 by reducing the image’s field of
curvature as much as possible, and we proceeded sequentially
determining a6 , a8 , and a10 to reduce it further. A similar iter-
ative optimization method for condensing lenses is described
in [27].
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Since our method relies on focus information, we calculate
the depth of focus for this particular lens design. Using paraxial
equations [28, p. 404], we have

δ =
nv

AN
(1 + m)c (2)

where δ is the depth of focus, m = 0.76 is the system’s mag-
nification, nv = 1.336 is the refractive index of the vitreous
humor, AN = 0.159 is the numerical aperture, and c is diame-
ter of the circle of confusion. For the case, where the image is
captured directly by an image sensor with a 6.4 µm × 6.4 µm
sensing element, c = 6.4 µm. The depth of focus is then esti-
mated at δ = 95 µm. Finally, using the slope in Fig. 3 (dashed-
dotted line), we can estimate the depth of field at approximately
150 µm; this is the theoretical resolution of our algorithm.

As stated previously, the condensing lens projects the surface
of the retina on a flat aerial image. One expects that moving the
sensor will focus the image at different surfaces inside the eye;
we call these surfaces isofocus surfaces. Moreover, locations
inside the eye will correspond to pixels on a moving sensor in
a way that differs from the perspective projection model; we
call the locus of intraocular points that is imaged on the same
pixel coordinates an isopixel curve. The locations of the isofocus
surfaces and isopixel curves are dependent on the condensing
lens and the individual eye.

We estimate the isofocus surfaces and the isopixel curves by
ray tracing. Due to the rotational symmetry of the system, we
examine the 2-D case. For a grid of points inside Navarro’s
eye, a fan of rays is traced to the sensor position. We position
the sensor plane so that the spot size created by this rayfan is
minimized (i.e., the image is in focus). The 2-D coordinates on
the sensor plane where the rayfan is focused specify the pixel
coordinates on the image. With the calculated information, we
create the isofocus surfaces and isopixel curves. In theory, there
is an infinite number of isofocus surfaces and isopixel curves, but
in practice only a limited number needs to be estimated due to
the resolution of sensor movement and pixel size, respectively.
We estimate the resolution of isofocus surfaces based on our
previous paraxial depth of field estimated at 150 µm. Results
for the area of validity of the Navarro’s eye can be seen in
Fig. 5. The position of an intraocular point can be estimated
from the intersection of its isopixel curve (determined from
its pixel coordinates on the in-focus image) with its isofocus
surface (determined from the displacement of the sensor with
respect to the condensing lens).

Fig. 5 shows that the expected depth resolution is higher
for regions farther from the retina. Moreover, it shows that the
formed image is inverted. From the slope of the isopixel curves,
it can be seen that the magnification of the intraocular object
increases farther from the retina. As a result, we conclude that
spatial resolution increases for positions closer to the intraocular
lens.

In order to be able to perform intraocular localization unam-
biguously, the parameters of the isofocus surfaces and isopixel
curves should be injective (“one-to-one”) functions of the sensor
position and the pixel coordinates, respectively.

Fig. 6. Parameterization polynomials for the optical system of Fig. 5.
(a) Isofocus surface parameterization: fitted third-order polynomials for the
radius of curvature and for the intersection with the optical axis, respectively.
(b) Isopixel curve parameterization: fitted third-order polynomials for the line
slope and for the intersection with the y-axis, respectively.

A. Surface and Curve Parameterization

The isofocus surfaces result from the optics of a rotation-
ally symmetric and aligned system composed of conic surfaces.
Therefore, it is assumed that they are also conic surfaces that
can be parameterized by their conic constant, radius of curva-
ture, and intersection with the optical axis. Since the isofocus
surfaces correspond to a specific sensor position, their three
parameters can also be expressed as functions of the sensor po-
sition. The radius of curvature and intersection with the optical
axis parameters of the fitted surfaces are displayed in Fig. 6(a) as
polynomial functions of the sensor position. For each parame-
ter, we fit the least-order polynomial that captures its variability
effectively. Navarro’s eye has a retinal surface of zero conic
constant (i.e., its retina is spherical), therefore, the conic con-
stant of the isofocus surfaces is set to zero. Our simulations
show that the variation of the isofocus surfaces can be captured
successfully by changes in the curvature.

The isopixel curves are lines, and it is straightforward to pa-
rameterize them using their slope and their intersection with
the y-axis, given a coordinate frame. Each isopixel curve corre-
sponds to one pixel on the image, and its parameters are func-
tions of the pixel’s offset (measured from the image center) due
to the rotational symmetry of the system. For the 2-D case, two
parameters are required. The parameters of the fitted lines are
shown in Fig. 6(b) as polynomial functions of the pixel’s co-
ordinate on the image sensor. For each parameter, we fit the
least-order polynomial that captured its variability effectively.

As can be seen in Fig. 6, the parameterizing functions are
indeed injections. As a result, intraocular localization can be
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unambiguous, and 3-D wide-angle intraocular localization with
this technique is possible.

B. Sensitivity Analysis

Estimating the accuracy in the measurement of different eye
parameters involves synthesizing information from measure-
ments acquired ex vivo and in vivo. This results in large errors,
and as a result, the results reported on this topic are limited.
Moreover, the repeatability and reproducibility of the optical
measurements is an ongoing debate among clinicians, and dif-
ferent groups occasionally report conflicting results [29]. Thus,
in order to evaluate the potential of the proposed wide-angle in-
traocular localization algorithm, we must estimate its behavior
with respect to inaccuracies in the modeling.

To achieve this, we first modify the eye model by individually
perturbing each of the optical elements of the Navarro’s model.
Next, we raytrace from intraocular points that cover 70◦ of the
eye’s field of view until the image. Finally, we use the position
where the image is formed (the in-focus sensor position), and
the position of the projections on the image (pixel coordinates)
to estimate the 3-D position of the original intraocular points.
In this case, however, we use the isopixel surfaces and isopixel
curves estimated for the unperturbed Navarro’s model. As a
result, there are errors in the estimated positions. These errors
enable us to understand how uncertainties in the different optical
parameters affect the localization results and, therefore, which
optical elements mostly affect intraocular localization.

Since Navarro’s model is based on anatomical data, for the
perturbations in the eye parameters we apply the standard de-
viations reported in the literature. For each optical element, we
span its parameter space and calculate the maximum localiza-
tion error. A similar analysis to estimate the effect of parameter
changes in the optic power of the eye and the intraocular lens
is conducted in [30] and [31], respectively. However, [30] uses
thin-lens equations, which are not appropriate for the wide-angle
case, and [31] uses the standard deviation of the mean instead
of the standard deviation of the population, and consequently
underestimates uncertainties.

The first optical element that rays emanating from intraocular
objects pass through is the vitreous humor. The vitreous humor
of the human eye is a viscoelastic fluid that is composed of 99%
water. The refraction index of water is 1.333, and the refractive
index of the vitreous humor in Navarro’s model is 1.336. We
assume a variation of ±2% in this parameter. The maximum
localization errors that result by assuming such an uncertainty
can be seen in Fig. 7(a).

The intraocular lens is a gradient refractive index lens, and its
precise characterization is an open research topic [32], [33]. This
is why schematic eye models typically propose an equivalent in-
traocular lens with a constant refractive index of 1.42 [10], [30],
though there is ongoing work to consider its special refractive
index distribution [34], [35]. Based on this, it is difficult to es-
tablish uncertainty margins for this parameter, so we examine
a large variation of constant refractive indexes (1.363–1.476).
In [25], the anterior and posterior radii of curvature of the in-
traocular lens were measured using an autokeratometer, and the

Fig. 7. Maximum localization errors due to parameter uncertainty. (a) Vitreous
humor. (b) Intraocular lens. (c) Aqueous humor. (d) Cornea. (e) Focusing. RoC:
Radius of Curvature.

extracted variations were ±4% and ±8%, respectively (9 pa-
tients). In [36], the lens thickness was measured for 30 adult
emmetropic eyes and the resulting variation was ±6%, whereas
in [25], the variation was calculated at ±3%. The maximum
localization errors that these uncertainties lead to are displayed
in Fig. 7(b). This figure shows that the greatest errors are caused
by uncertainties in the refractive index of the intraocular lens.
Maximum uncertainty in this parameter leads to errors of ap-
proximately 4.5 mm.

Similarly to the vitreous humor, the aqueous humor consists
primarily of water. We assume the same variation in its refrac-
tive index (±2%). The thickness of the anterior chamber was
measured in [36], and the variation between 113 patients was
±10%. In [25], the variation was estimated at ±6%. The maxi-
mum resulting localization errors can be seen in Fig. 7(c).

Methods to measure the cornea of the human eye are reported
in [37] and [38]. Both efforts report variations of ±3% for
the corneal anterior radius of curvature after measuring 100
and 114 patients, respectively. The variations of the corneal
thickness and the posterior radius of curvature are calculated
as ±6% and ±4%, respectively. The refractive index of the
cornea was measured for 10 eyes in [39]. The conclusion is
that the anatomical elements of the cornea (epithelium, anterior
surface, posterior surface) have different refractive indexes, and
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Fig. 8. Biometric measurements from MRI images. (a) Axial length. (b) Reti-
nal shape. (Reprinted with permission from ARVO.)

their values range from 1.372 to 1.406. Given that the mean
corneal refractive index from [10] is 1.376, we conclude that
the variation in the refractive index is 3%. In Fig. 7(d) we show
the maximum errors resulting from each uncertainty. The most
sensitive parameter is the anterior radius of curvature.

The condensing lens can be machined with micrometer accu-
racy (errors less than 0.1% based on personal communication
with Sumipro bv. [40]), and its refractive index is that of well-
known materials. We can thus assume that there is no variation
in its parameters.

In Fig. 7(e), we show the mean and maximum localization
errors attributed to the miscalculation of focus. Better focus
estimation is achieved by selecting the appropriate focus-scoring
algorithm from [41].

Based on Fig. 7, there are a number of parameters that, if
misestimated, can lead to high localization errors. The five most
important eye parameters are: 1) refractive index of the intraoc-
ular lens; 2) refractive index of the vitreous humor; 3) anterior
radius of curvature of the cornea; 4) refractive index of the aque-
ous humor; and 5) refractive index of the cornea. This sensitivity
analysis and our discussion point to the fact that for the local-
ization algorithm to be successful, calibration procedures that
can handle the uncertainties in different parameters are needed.

C. Calibration

Preliminary experiments show that calibration of the isopixel
curves is not necessary, because their relative impact on the
localization accuracy is low. It is the intersection of the isofocus
surfaces with the optical axis (see Fig. 6(a) right) that has the
greatest effect on localization.

Ideally, one would perform an on-optical-axis depth-from-
focus experiment, and calibrate for the relationship between the
in-focus sensor position and the depth of the object by using
the full set of data points. However, such an approach would be
invasive, and would require a vitrectomy. The depth and shape
of the retina though can be noninvasively extracted from MRI
data [42], [43] (see Fig. 8).

The proposed calibration method uses a first-order model of
the optics of the system. First-order optics accurately describe
the image formation of on-axis objects. We assume that the
optical modeling has accumulated errors that can be lumped

Fig. 9. Illustration of the first-order optical model for the system of Navarro’s
eye with a condensing lens. PP: Principal point.

and included as errors in the estimated image and object po-
sitions. We can afterwards calibrate the imaging system using
only the retinal depth of a patient’s eye. The analysis that fol-
lows demonstrates that this method suppresses the errors caused
by large uncertainties in the eye’s optical parameters.

We extract the first-order optical model of Navarro’s eye with
the condensing lens (see Fig. 9) by calculating the principle
points/planes using OSLO. We verified that OSLO performs the
paraxial calculations as described in [44] and [45]. In this frame-
work, each lens is described by three matrices (two refraction
matrices R1 and R2 , and one transfer matrix T21)

R1 =
[

1 −D1

0 1

]
, where D1 =

nl − no

r1
(3)

R2 =
[

1 −D2

0 1

]
, where D2 =

ni − nl

r2
(4)

T21 =
[

1 0
t/nl 1

]
(5)

where the subscripts 1 and 2 refer to the posterior and anterior
surfaces of the lens, respectively, nl is the refractive index of the
lens, no is the refractive index of the environment on the object
side, ni is the refractive index of the environment on the image
side, r1 and r2 are the radii of curvature, and t is the thickness
of the lens. Then, the focal length and the principal points of the
lens can be found by

A =
[

a11 a12

a21 a22

]
= R2T21R1 (6)

f = − 1
a12

(7)

[O1 , PP1 ] =
no(1 − a11)

−a12
(8)

[O2 , PP2 ] =
ni(a22 − 1)

−a12
(9)

where f is the effective focal length, and the operator [ : , : ]
is the signed distance between two points.For Navarro’s eye
equipped with a condensing lens, the matrices corresponding to
all the lenses are multiplied

A = Rcl2 Tcl2 1 Rcl1 TairRco2 Tco2 1 Rco1 TaqRil2 Til2 1 Ril1 (10)
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Fig. 10. Effects of biometric calibration on a system with 3% uncertainty in
the refractive index of the intraocular lens. We assume the retinal depth is known
precisely.

where {R, T }cl are the matrices that correspond to the con-
densing lens, {R, T }co are the matrices that correspond to the
cornea, {R, T }il are the matrices that correspond to the intraoc-
ular lens, Tair is the matrix corresponding to the air between
the condensing lens and the cornea, and Taq is the matrix corre-
sponding to the aqueous humor between the cornea and the in-
traocular lens. Then, the effective focal length and the principal
points/planes for Navarro’s eye equipped with the condensing
lens can be calculated from (6)–(9).

The compound optical system projects an object at so to an
image on the sensor at si

si = dls + [O2 , PP2 ] + ed l s (11)

so = − fnvsi

si − f
(12)

do = so − [O1 , PP1 ] + edo
(13)

where nv is the refractive index of the vitreous humor, dls is the
distance from the condensing lens where the image is formed,
and edo

and ed l s are the lumped errors in the estimated object
and image positions, respectively.

In (11)–(13), the parameters are calculated using paraxial ap-
proximation formulas. However, due to the inclusion of the conic
and aspheric components in the condensing lens (see Table II),
these parameters need to be refined. We use the paraxial calcu-
lations as a starting point, and perform a minimization so that
(11)–(13) accurately describe the behavior of the intersection of
the isofocus surfaces with the optical axis.

Using (11)–(13) and only the measured retinal depth and its
corresponding in-focus sensor position, we estimate the ed l s and
edo

that minimize the error in the estimated retinal intraocular
depth. Assuming perfect knowledge of the retinal depth, the
calibration results for 3% uncertainty in the refractive index of
the intraocular lens can be seen in Fig. 10.

In [42], after measuring the ocular axial length of 22 adult em-
metropes and 66 adult myopes with magnetic resonance imag-
ing (MRI) scans, errors up to 0.3 mm between measurements
of the same patient of any category were reported. Comparison
of the MRI-based results with A-scan ultrasonography reported
good agreement across patients (0.3 ± 0.2 mm). We take these
inaccuracies into account, and calculate the resulting maximum

Fig. 11. Localization error due to parameter uncertainty after calibration for
the five most crucial parameters of Fig. 7. (a) Intraocular lens refractive index.
(b) Vitreous humor refractive index. (c) Cornea anterior radius of curvature.
(d) Aqueous humor refractive index. (e) Cornea refractive index. The errors (in
mm) in the retinal depth estimation are shown above each curve.

wide-angle localization error for the variations in the optical eye
parameters to which localization is most sensitive. The results
can be seen in Fig. 11. Comparison with Fig. 7 shows that this
calibration procedure indeed suppresses the localization errors,
and accurate retinal depth measurements greatly reduce them.
Maximum uncertainty in the retinal depth will lead to final
maximum localization errors not larger than 400 µm for most
parameters.

IV. LOCALIZATION IN A MODEL EYE

To demonstrate the proposed wide-angle localization method,
we use an appropriate imaging system and perform wide-angle
focus-based localization in a model eye.

A. Experimental Setup

As an experimental testbed, we use the model eye [9] from
Gwb International, Ltd. This eye is equipped with a plano-
convex lens that mimics the compound optical system of the
human eye. The model eye contains no liquid, and thus, the lens
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Fig. 12. Simulation of the isofocus surfaces and isopixel curves for the system
composed of the model eye and the condensing lens. The different isofocus
surfaces correspond to the distance from the lens to the sensor (dls ), for uniform
sensor steps of ∼0.7 mm. The isopixel curves correspond to pixel distances
from the optical axis (dop ).

can be used by itself. Gwb International, Ltd. disclosed the lens’
parameters so that simulations can be performed accurately.
The dimensions of the model eye were measured to estimate its
retinal depth and shape.

The imaging device consists of two components: a condens-
ing lens that is kept at a constant position with respect to the
eye and a sensor that captures the aerial image directly and
moves with respect to the lens to focus on objects throughout
the eye. The condensing lens is a custom-made double conic-
convex lens based on [12] (see Fig. 2(c) for parameters, where
the refractive index was changed to 1.531 due to lack of the
original material at Sumipro bv.). This lens causes a 0.78×
magnification, thus, an object of 100 µm near the retina would
create an image of 78 µm. The image is captured by a firewire
Basler A602f camera with a CMOS sensor (9.9 µm × 9.9 µm
sensing element, 640 × 480 noninterpolated resolution). The
camera and the object were moved using two M-285 Sutter lin-
ear micromanipulation stages. The focus score was calculated
using the normalized variance of the captured image. Accord-
ing to [41], the normalized variance is the most robust image
focusing metric for noisy images.

B. Isofocus Surfaces and Isopixel Curves

The simulated isofocus surfaces and isopixel curves of the
composite system are shown in Fig. 12. Their parameterization
is shown in Fig. 13. The behavior of the parameters is similar to
the one displayed in Fig. 6. The assumed conic constant of the
isofocus surfaces is kept constant at −0.175, which is the value
we measured for the retina of the model eye.

C. Depth of Focus and Resolution

Using (2), we calculate the depth of focus for this optical
system at 83 µm. The circle of confusion is given from the Basler
A602f sensing element, and the remaining parameters can be
calculated through OSLO. This is an estimation of the variance

Fig. 13. (a) Isofocus surface parameterization: fitted third-order polynomials
for the curvature and for the intersection with the optical axis. (b) Isopixel
curve parameerization: fitted third-order polynomials for the slope and for the
intersection with the pupil.

Fig. 14. Different model fits for the function describing the intersection of
isofocus surfaces with the optical axis (measured from the pupil) with respect
to the in-focus sensor position.

in the in-focus sensor position. From the slope of Fig. 13(a)
(right), we can calculate depth of focus, which is the expected
resolution of the isofocus surfaces, at 500 µm.

D. Calibration

In order to calibrate the isofocus surfaces for their intersection
with the optical axis, we perform an on-optical-axis depth-from-
focus experiment on the aligned optical system. The estimated
in-focus sensor positions with respect to different depths in the
model eye can be seen in Fig. 14. We calibrate using the method
of Section III-C. The parameters required for (11)–(13) were
measured 30 times for accuracy (retinal depth 33.1 ± 0.55 mm,
interlens distance dls = 3.59 ± 0.18 mm). Fig. 14 shows the cal-
ibration results. The fully calibrated model corresponds to the
fit that is generated when all the points from the on-optical-axis
depth-from-focus experiment are used. In a clinical setting, such
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Fig. 15. Localization experiment showing the validity of the wide-angle lo-
calization algorithm. Experiment is shown for the condensing lens [12], and the
model eye [9]. The paraxial model of [19], which loses accuracy away from the
optical axis, is also shown for comparison.

knowledge would be unavailable. The biometrically calibrated
object corresponds to the fit that is generated when only the
retinal depth is used. As can be seen, the biometric calibration
adjusts the model to correspond to the experimental observa-
tions. The uncalibrated model from Fig. 13(a) (right) is shown
for comparison.

The remaining two parameters of the isofocus surfaces con-
trol the shape of the isofocus surfaces, but not their position. Our
experiments have shown that we can in fact capture an overall
sharp image of the entire model eye’s retina using the condens-
ing lens. Therefore, we conclude that there exists an isofocus
surface that corresponds to the retinal surface, and we consider
it as the first surface. From Fig. 12, we see that the first isofocus
surface does indeed roughly correspond to the retinal shape. As
a result, calibration for the conic constant and the curvature is
not needed. If the model did not accurately predict the shape
of the retina, yet an in-focus image of the retina was obtained,
then we would also calibrate the parameters of the first isofo-
cus surface so that is has the same shape as the retina. It is not
guaranteed that an isofocus surface corresponds to the entire
retina for every eye (i.e., the possibility of an in-focus image of
the entire retina is not guaranteed), however, this is also not a
requirement for the localization algorithm.

E. Results

In order to validate the wide-angle localization algorithm, we
performed a localization experiment for various angles with re-
spect to the optical axis and various distances from the pupil.
We repeated the experiment 30 times for each point and calcu-
lated the mean and variance in the in-focus sensor position. The
calculated variances for the parameters of the algorithm allow
the calculation of the uncertainty of the estimations [46].

Fig. 15 displays the results of the proposed wide-angle local-
ization algorithm. For comparison, we show the results based
on the paraxial localization algorithm presented in [19] for the

TABLE III
ERRORS (UNCERTAINTY IN µm) FOR THE EXPERIMENT IN FIG. 15

points on the retina. The predictions of the new localization al-
gorithm remain close to the actual values, but, as expected, the
results of paraxial localization deteriorate as the angles increase.
The paraxial approximations are colinear since first-order mod-
els assume a plane-to-plane image formation, whereas the con-
densing lens creates a flat image of the retina.

In Table III, the experimentally measured localization errors
with respect to increasing angles and distances from the pupil are
shown. The rows show the errors for varying distances from the
pupil and the columns show the errors for varying angles. The
errors are calculated using the mean in-focus sensor position.
The number in brackets is the estimated uncertainty in µm based
on the variance in the model parameters and the variance in the
in-focus sensor position. The mean error is 325 µm, and the
standard deviation is 158 µm. Given that the depth of field of
the experimental optical system is 500 µm, our errors are within
the theoretical limits of the resolution.

V. CONCLUSION

We have developed an algorithm that will provide 3-D posi-
tion information for the partial automation of intraocular surg-
eries. We examined the common methods of ophthalmoscopy
with respect to their imaging and localizing capabilities. We con-
cluded that indirect ophthalmoscopy using an imaging system
with a small depth of field is a promising way for wide-angle in-
traocular imaging and localization. We presented the first wide-
angle intraocular localization algorithm using an optical system
that is based on state-of-the-art condensing lenses that create a
flat retinal aerial image. Our sensitivity analysis identified the
parameters of the human eye that are most crucial to localization,
and the subsequent proposed calibration method demonstrated
the ability to suppress errors that result from misestimated eye
parameters. We conducted a wide-angle localization experiment
in a model of the human eye, and the localization algorithm
showed excellent results (mean error 325 µm). Errors in this
scale satisfy the goal of providing precise position informa-
tion to the open-loop controller of the electromagnetic system
in [8]. In addition to the 3-D position information, closed-loop
image-based visual servoing techniques and tracking of the mi-
crorobot [47] will enable fully autonomous operations. Thus,
for the first time, a technique for wide-angle 3-D intraocular
localization is available, and fully autonomous retinal surgeries
using untethered tools such as microrobots are one step closer
to reality.
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